THE 


UNIVERSITY of ILLINOIS. 


CANONICAL FORMS OF QUATERNARY ABELIAN 
SUBSTITUTIONS IN AN ARBITRARY GALOIS FIELD* 


LEONARD EUGENE DICKSON 


§ 1. Introduction. 


For application to the probiem of the distribution of the substitutions of a 
given group into complete sets of conjugates within the group, a set of canon- 
ical forms for its substitutions should have the property that two substitutions 
are conjugate within the group if, and only if, they are reducible to the same 
canonical form according to a definite scheme of reduction. In particular, if the 
canonical form belongs to a higher field than the initial GF'[ p"], the new in- 
dices introduced must be conjugate with respect to the initial field. 

In the present paper is given a set of canonical forms of quaternary abelian 
substitutions in the GF p"| such that the canonical forms likewise belong to 
the special abelian group SA(4, p"), the reduction being effected within the 
group. From them are derived the ultimate canonical forms, not all belonging 
to the given abelian group. In the former case, the canonical forms depend 
on the coefficients of the characteristic equation, in the latter case upon its roots. 

When the given group is the general linear homogeneous group on m indices 
with coefficients in the G/'[ p"], a set of ultimate canonical forms is furnished 
by a theorem due (for the case nm = 1) to Jorpan.}+ Likewise for the group of 
ternary linear homogeneous substitutions of determinant unity in the GF p"] , 
a complete set of ultimate canonical forms has been determined. + The problem 
has also been solved for the corresponding binary group. The corresponding 
problem for a linear group of special character (i. e., not directly related to the 
general linear group) has not been previously solved so far as is known to the 
writer. The simplicity of the canonical substitutions for the quaternary abelian 


group makes comparatively easy the classification of abelian substitutions into 


* Presented to the Society (Chicago) December 28, 1900. Received for publication January 
5, 1901. 

+ Traité des substitutions, pp. 114-126. A simple proof by induction of the general theorem 
has been given by the writer in the American Journal of Mathematics, vol. 22, p. 121, 
1900. 

t Dickson, American Journal of Mathematics, vol. 22, p. 231, 1900. 
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sets of conjugates within the abelian group ($23). The analogous problem is 
then solved (§ 25) for the simple quotient-group A(4, p") and the results are dis- 
cussed for the case p" = 3, which leads to a simple group of order 25920 of fre- 


quent occurrence in geometrical problems ($$ 26-27). In addition to the checks 


mentioned in $$ 23, 24 upon the calculations of the paper, it may be stated that 
the results for the case p" = 3 were previously derived by methods independent of 
those employed in this paper.* 

Frequent use will be made of the theorem + that the equation 


af? + Br? =1 


has in the GFT p"] (p> 2), p" —v solutions (€, 7), where v denotes + 1 or 
— 1 according as — af is a square or a not-square in the field. 


§ 2. Definition of the abelian group. 
The quaternary special abelian group SA(4, p") is composed of the linear 
substitutions 
Vu 


21 


which satisfy the relations t 


Vu 2 
. + + 


21 22 22 22 22 


and equivalent relations (2’), (3’), (4’), formed from the columns of (1) as the 


former were formed from its rows. 


* An account of these elementary methods, sufficient for the case p" 3, was presented Jan- 
uary 7, 1901, to the London Mathematical Society. 

Compare American Journal of Mathematics, vol. 21, p. 195, 1899. 

{ For n=1, the abelian group was studied by JORDAN, Traité des substitutions, pp. 171-179 ; 
for general n, it was investigated by the writer, Quarterly Journal of Mathematics, 
vol. 29, pp. 169-178, 1897 ; vol. 31, pp. 383-4, 1899. 
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Of the simplest substitutions satisfying these relations, the following are fre- 
quently employed in this paper, the notations being standard : + 


The order WV of SA(4, p") is p'(p™ —1)(p*—1). 
Since the general substitution (1) may be derived from the generators Z,, , 
M, and N, ;,, its determinant is unity. 
The reciprocal of S, given by (1), i 


é 


11 21 


B,, a = B,, 
6 


12 22 


—B,, — B,, 


f 
| 
(5) | 
| 


It follows that the first minors (taken without prefixed sign) of ai 6, Bas % 
are respectively 6,,, a,,, 


$38. Characteristic equation of an abelian substitution. 


By definition, the characteristic determinant of S is 


Vu 2 Viz 


The constant term A(0) of A(«) expanded according to powers of « is unity, 
being the determinant of the substitution. The coefficient of — « is 
a Yu Vie a, Vu 
=6,+4, + 5, + 4,,: 


+ If an index is not altered, it is not written in the formula. 


: = €. AN; 3 
| 
Y22 
| 
q 
A(x) = 
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The coefficient of «* is the sum of six determinants of the second order. In 
particular, A(«) has the form 

— (4, + 8, + a5 + + ( (a,, > +> 1. 


Hence the reciprocal of any root of A(«) = 0 is itself a root. The character- 


istic equation of a special abelian substitution is a reciprocal equation.* 


$4. Substitutions whose characteristic equations have all their 
roots in the GF[ p"), no root being +1. 

Suppose first that all the roots of A(«) = 0 belong to the GF p"]. Desig- 
nate them by «, «~', X, A~' and consider first the case in which no root is +1. 
The root « leads to a linear function = v&, + bn, + c&, + dy, which S mul- 
tiplies by «. But SA(4, p") contains a substitution V which replaces &, by o. 
Then V-'SV = S, replaces & by «&,. Likewise the root «~' 
a root of the characteristic equation for S,, leads to a linear function 


, which is also 


o= a€, bn, + + dn, 


which S, multiplies by «~'. 


If 4, + 0, the group contains the abelian substitution 


0 


1 


Then U-'S, U, being abelian, takes the form 


| 0 0 
| 0 0 


From the assumption concerning A(«), the equation 


has as its roots the distinct marks X, A~' of the GF'[p"]. Hence the given 
substitution S is conjugate with the canonical form 


* The theorem is true for any number 2m of indices. For proof, the direct method of the 
text may be employed ; another proof may be based upon the canonical forms of linear substi- 
tutions in a Galois field. In a subsequent paper the writer intends to extend the present inves- 
tigation to the case 2m > 4. 


El 
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(6) 9, 


We take \ + « or «~', the contrary cases leading to the type (7) below. Here 
« has p" — 3 and X has p" — 5 values if p > 2; while, for p = 2, « has FZ 
and has 2" — 4 values. But the substitution (6) is transformed by J/, into a 
similar one with « and «~' interchanged; by J/, into one with A and A~' inter- 
changed ; by P,, into one with « and X, «~' and X—' interchanged. The eight 
resulting combinations give all the substitutions of the type (6) with the distinct 


roots «,«~', XA, A~'. The number of types of canonical forms is therefore 


—3)(p"—5), for p> 2; 2)(2" — 4), for p=2. 


The most general substitution of S.1(4, p") commutative with a given substitu- 
tion (6) has the form 
Their number being (p"— 1)’, it follows that each substitution (6) is one of 
N (p"—1) = p*(p™ +1) (p" + 1). conjugates within SA(4, p"). 
If, however, 4, = 0 in @,, we may suppose that c, +0. For, if c,=0, 
d, +90, then W>'S_W, multiplies + d,&, by With c, + 0, the group 


contains the abelian substitution 


1 


Hence V~'S, V belongs to the group and has the form 


Transforming by Z, and taking 


B,, + o(«k'—«)=0, 


we find a substitution of the same form, having 8,, = 8, = 0. 
have the canonical form 


If 8,, + 0, we transform by 7; ,, and obtain the type 


107 
| 
0 0 0 
0 1 0 a 
V= wile 
ad 0 | 
i l l 
K 0 0 0 
(By, = 
| 0 0 x! 0 | 
B,, 0 K | 
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(8) 0 
| 


K 


The number of non-conjugate substitutions (7) with «* + 1 is 1(p" — 38) if 
p>2 and 1(2"—2) if p=2. A substitution commutative with (7) has the 
form 


0 0 6 


The abelian relations give 
aa—Bb=1, ac—Bd=0, —yat+=90, —ye+bd=1. 
Letting A = ad — bc, we have, as the solution of these relations, 
a=dA, B=cA, y=b/A, 
The number of the commutative substitutions is therefore ( p** — 1) (p** — p"), 
so that each substitution (7) is conjugate within SA(4, p") with exactly 


1) (p"+ 1) substitutions. 


The substitution (8) is transformed by P., into a similar one with «! 
12 


in place 
of «. Hence there are 3(p" — 3) or }(2" — 2) non-conjugate substitutions (8) 
with «° +1. A linear substitution commutative with (8) has the form 


a0 0 


| 
|. 
| 


0 
0 
0 
a 


The abelian relations give ace = 1, — be + ad =0, whence 


, d=be. 


The number of such substitutions is therefore p"(p"— 1). Hence each substitu- 
tion (8) is one of p*( p — 1)( p" + 1) conjugates. 


$5. Roots in the field, two of them being +1. 


Suppose next that the roots are «x, «~', +1, +1, where « is a mark + 0 
or +1 of the GF'[ p"|. The canonical form is 


108 [April 
0 0 B) 
| 0 ad b 0 | 
| | 
| 0 e d 
(0 0 
bh 0 0 
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| K 
0 
| 0 


(9) 
For 8 = 0 there are p" — 3 or 1(2" — 2) types each commutative with 


t 0 O 0) 


| 
| 


giving (p"—1)p"(p™ —1) substitutions. Hence each type yields a set of 
p’"(p™ + 1)(p" + 1) conjugate substitutions of SA(4, p"). 

For 8 + 0, the substitutions with 8 a square are transformed into each other 
by abelian substitutions 7, and likewise those with 8 a not-square. The two 
sets are seen to be not conjugate within SA(4, p"). The number of types is 
therefore 2(p" — 3) or }(2" — 2) according as p > 20rp=2. A substitution 
commutative with (9) for 8 +0, «*+1 has the form (10) with }=0 and 
a=d. Each type is therefore commutative with 2p"(p"—1) or 2"(2" — 1) 
substitutions and thus conjugate with exactly 3 p'(p™ —1)(p"+1) or 
2°"(2* — 1)(2" + 1) substitutions within SA(4, p"). 


$6. Two roots each +1 and two roots each = 1. 


If the roots are +1, +1, +1, + 1, the canonical form is 
(11) 


One may chose the lower sign, transforming if necessary by P,,. 


For a= 8= 0, the substitution becomes 7, _, 


tive only with the [ p"(p*" — 1)]° substitutions 


) 
| e d 0 0 | 
| 0 a b, | 
lo 


and, for p> 2, is commuta- 


0 (ad—be=1, a,d, 


{| 
0 0 90! 
(10) | ad —te =1), 
0 0a bi 
10 0 d | 
i 
— 
| 
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For a + 0, we may suppose that a = 1 or v, where v is a particular not- 
indeed, a is replaced by ao~* upon transforming (11) 


square in the GF'[ p"| ; 
The resulting eight 


by 7,,. Similarly, we may assume that 8 = 0, 1 or v. 


types are: 


where #=1lor v. The number of conjugates to each may be determined 


directly or more simply by the method of $$ 9-10. 
Four equal roots each 


roots be + +1,+1, +1, the canonical form is either 


according as the linear function », determined by the second root + 1 contains 
If =é Ris of the form Z. If 6 Q, B,. 9, 
7, is of the form /2 with = O. The 
=1. Then, for 8,, + 0, we transform by 


n, or does not. 
the transform of /? by 


abelian relations give a of 


the abelian substitution 


4, 


and reach a substitution of the form Z. A similar result follows if 8, =0, 


+ Re by P,, then has 8,,+0. Finally, if 


a,, +0, since the transform of 


a,, = 0, we have the substitution 


For p > 2, this is transformed into Z (with a 


lf the 
0 0 0 + 0 0 0 | 
a +] 0 0 8. +1 é 
Lm o R= 
0 0 1 0 a 0 t+ ] 0 
= 
+] 0 0 0 
| 
1 
(13 | 
0 0 +] 0 ! 
| 
1 0 0 +] | 
1, 2 = — 1) by 
1 0 
| 
0 1 0 1 | 
@ 
0 1 
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For p = 2, substitution (13) will be seen to furnish a new type. A substitu- 
tion (1) commutative with (13) must have the form 


0 


| 


B,, 


subject to the abelian conditions 


sy the former, a,, and a,, are not both zero, so that the latter determines one of 
the 8,. in terms of the other three, which may be chosen arbitrarily in the 
G F’[2"] . Hence there are 2"(2*" — 1)2™ substitutions of S.A(4, 2") commuta- 
tive with (13). <A substitution Z is conjugate with the identity or Z,, or 
By §10, 


is commutative with exactly 2 substitutions of 
S.A(4, 2”), so that 


different argument is necessary for the case of Z,, and (13); but the latter are 


and (13) are not conjugate within the group. <A 


readily shown to be not conjugate under abelian transformation. 

It remains to consider /? when 6,, +0. The transformed of 7? by 7, ,— is 
of the form #2 with 6,=—1. The latter is transformed by L’, into the 
substitution 
0 
1 


|. 
| 


| 
| 
| 
| 


~ 0 a +1 


Suppose first that p= 2. Ifa=0, the transform of 7, by WV, is of the form 
R with 6,,= 90, a case previously considered. If a+ 0, the transform of 


RL, by 7,, 7, is of the form 72, with «-*a in place of a. Choosing « = a’, we 


obtain a substitution 
0 0 0) 


1 01 
0 1 0} 
7.2 
of period 4. Transforming /?, by the abelian substitution 
Kuk, 


we obtain, for p = 2, the substitution 2,, where )= 8+7+7°. In order 


a) 0 a), 

0 

R= 

es | 0 +1 
=n, + 7é,, 
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that the G/[2"] shall contain a mark 7 for which 4 = 0, it is necessary and 
sufficient that 
> - m—l 
=0. 
Since 8 belongs to the field, B?’ = B. Inversely, there are 2"-' marks 8 mak- 
ing B= 0 and as many making B=1. The 2"~' substitutions 2, for which 
B = 0 are therefore conjugate within SA(4, 2")- Likewise the 2"~' substitu- 
tions 2, for which B = 1 are all conjugate; indeed, 2, is conjugate with 7, 
and 6=8+7+7° takes 2"~' distinct values when 7 runs through the series of 
2" marks, while 

8 +747 = B(mod 2). 
That the substitutions 2, for which B = 1 are not conjugate with 2, may be 
shown by considering the condition R,S = SR,, S being of the general form 


(1). We find that S must have the form 


0 


(14) 


The latter conditions require that 8 + B,, + 83, = 9 (mod 2). 
For p = 2, the only substitutions of S.A(4, 2") commutative with R, are of 
the form (14) subject, however, to the conditions 
B,, + Boos B,, B,,. 
Hence 8,, = 0 or 1, while £,, 


stitutions. 


and 8,, are arbitrary; thus there are 2-2*" sub- 


For p> 2, £, is transformed into a similar substitution 2’ having 8,, = 0 
by the following abelian substitution 
+386. 2, + 
For a= 0, the transform of 2’ by J, is of the form (13). 
For a+ 0, the transform of /?’ by 7, gives the substitutions 
f 1 0 0 90 
1 0 1 
0 1 0 
0 a 1 


Transforming A, by 7,.7,. we obtain A,.-2. Hence, if p> 2, there are only 

a 2K ak J 
four canonical types, v being a particular not-square : 


fl | 0 

| By, 1 Bi, Bro + + 3 
0 1 0 ( = + ) 

| By, 0 B,, 1 | 
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(15) 


l 2-1? 


The substitutions A, and A, 7,_,7,_, 


acteristic equations having different roots. But every substitution commutative 


are not conjugate, if p > 2, their char- 


with one is commutative with the other, 7,_,7,_, being commutative with every 
quaternary linear substitution. The period of A, is readily seen to be p if 
p> 8, 9if p=3, or 4 if p=2.* Then 4,7,_,7,_ 
p> 3, 18 if p= 3, or 4 if p=2 


If S be the general substitution (1), the identity A,S = SA,, requires that 


, 1s of period 2p if 


~ 


8, =—B,—a6,,, a6,,=aa,,, —aa,+aa,=— £,,—a6,,. 


The second abelian relation (2) then gives a,,6,, = 1, whence 


ae 
=a. 


Hence A, and A,, are conjugate within SA(4, p") only when a and a’ are both 
squares or both not-squares in the GF’[p"]. To determine the substitutions S 
commutative with A,,seta’=a. Then 


subject to the abelian relations 


2a,,8,, + aa,,6,, = 0. 
1s the second relation determines 6,,. Hence 
there are 2p" substitutions commutative with A,. Hence each of the substitu- 


For each of the two values of a 


tions (15) is conjugate with exactly app” — 1)(p** —1) substitutions within 
SA(4, p"), while no two of the four canonical types are conjugate. 


$8. Study of the abelian substitutions of type L. 
Upon transforming Z by 7,,7;,, we obtain a substitution of the form Z 


with a, 8 replaced by ao~*, 8x-*. Hence the substitutions Z are conjugate 
with one of the following : 


* For example, by introducing the new indices 
A=—§,, Y=§,, 
A, takes the standard canonical form (not abelian): 


113 
Yn = Vie = Yn = Yn = = = 0, = A119 = 61,5 B,, = a6,,, 
a 0 0 0 | 
| B a B 8} 
il il 2 12 
| — 0 0 | 
| ‘ 
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Of these, 1,,Z,, is transformed into L,,L,, by P,,, and LL 
formed into L,,Z,, by the abelian substitution 


7=0, 1, v). 


», is trans- 


vd 0 vo 
0 
vod 


| 0 —-—¢ 0 

subject only to the condition »(8+ o°)=1, which has solutions in every 
GF |p"). The identity and 7\_,7,_, are conjugate only with themselves. 
Hence the types Z remaining for consideration are : 


The characteristic equations for the second and fourth substitutions have the 
roots — 1 and hence are not conjugate with the first or third. 

The substitutions Z,, and L,,, v being a not-square in the GF’ [p"], p> 2, 
are not conjugate within the SA(4, p"). In fact, SL,,=1,, gives the 
conditions : 

B., = 8,, = a, 


ll 21 
Thus S does not satisfy the abelian relation (2) : 
The fact that Z,,Z,, and L,,L,, 


neither is conjugate with either Z,, or L,, within SA(4, p") follows inciden- 


are not conjugate with each other and that 


tally from the following determination of the number of abelian substitutions 
conjugate with each of the four. To determine the number of substitutions of 
SA(4, p") conjugate with Z,,Z,,, let S denote the general substitution (1) 
commutative with it. The conditions for the identity 


SL,,, 4 => 


2f "i 


(u +0) 
are found at once to be the following : 


= 0, B= 0, ’ 


For 7 = 0, S has the form 


(16) 


114 
=), 
bad Vi G2 Vie 
| Q a, 9 0 | 
( n 
| 
0 B,, 6, 
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In particular, an abelian relation gives a?, = 1. Hence S= J or 7,_,¥’, where 
Y is the most general substitution of SA(4, p") which leaves », fixed. The 
number of substitutions VY is p*p"(p** —1), being equal to the number of 
substitutions of SA(4, p") which leave fixed the index &,.* According as 


2**— 1 conjugate substitutions 


p>2orp=2, L,, is one of 3(p“—1) or 
within SA(4, p"). 


For t= 1, a substitution S commutative with LZ, ,, has the form 


(17) 


subject to the abelian relations 
+po7,=1, a>. + pa; = 1, a, = 1, 


+ M4 + — Nt» = 0. 


Hence 
=4,,, 8,5) = @. 


Suppose first that » is a not-square vin the GF[p"], p>2. Then a,, 
+ 0 anda, = +6,,, a,,=+a,,. For any one of the p” + sets of solutions 
of + v8?, = 1, € being +1 according as p"= 4/+1, a, and a,, are de- 
termined except in sign ; while y,, is determined in terms of y,,, ¥,,, Y.- Hence 
there are 2p*"( p" + €) substitutions of S.A(4, p") commutative with L,,Z,,. 

Suppose next that ~= 1. Whether a,, be zero or not, we may set a,, = + a,,, 
a,,=-6,,. For anyone of the p" — « sets of solutions of aj, + 6;, = 1 in the 
GFT p"], p>2, a,, and a,, are determined except in sign, and one of the ¥,, 
is determined in terms of the remaining three. Hence there are 2p°'( p"— €) 
substitutions of SA(4, p"), p> 2, commutative with L,,L,,. For p=2, 
ne Op = 4,5 4, +6, =1, so that SA(4, 2") contains exactly 
substitutions commutative with ,L,,. 


we get a,,=a 


$9. Study of the substitutions L, ,T,_, and L 


(M@=1 Or v). 

If v be a not-square in the GF'[p"], p> 2, no two of the substitutions 
ave conjugate within SA(4, p"). The 
first two are not conjugate and the last two are not conjugate since their 
(p+ 1)-th powers are Z,, and Z,, and are not conjugate by §8. Fiaally, a 
relation 7,_,= L,,T;, 


products. 


.S is proved impossible by forming the respective 


*Quarterly Journal of Mathematics, vol. 29, pp. 171-173, 1897. 


Ne 

| 0 a) 0 6, 

14 Va Ye2 | 

| 0 pa, 9 
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Within SA(4, p"), p > 2, each of the four substitutions is one of a complete 
set of 1 p*"(p** — 1) conjugate substitutions. In proof, let S be an abelian sub- 
stitution commutative with L, ,7,_,. Then S is commutative with the p-th and 
(p + 1)-th powers of the latter, which are 7,_, and L,, respectively. Hence S 
is at the same time of the forms (12) and (16). Hence 
ai Vu 0 0 
«a, 0 

10 a, Yoo 

10 8B, &, 


a =1, a,,6,, 


The number of substitutions S is therefore 2p" p"(p** — 1). 
A substitution S’ commutative with Z,, 7,_, will be commutative with 


L,,7._,:7T,_,T7._, = L,,,T,_, and vice versa. Hence every S’ is an S and 


vice versa. Hence the final theorem: 
Within SA(4, p> 2, the substitutions L,,7T,_,, and 


L,, 7T:_,, where v is a not-square in the field, are not conjugate and each gives 


rise to a complete set of sp (p'— 1) conjugate substitutions. 


10. Study of the substitutions L T= 1 or V). 


The substitutions ZL, , 7, 


and L,,7,_,L,, are not conjugate within 
SA(4, p"), p> 2. Indeed, their p + 1-th powers, Z,,Z,, and L,,L,, are not 
conjugate by $8. Likewise 1,,7,_,,, and L,,7,_,L,, are not conjugate 


7, - iL, 


within SA(4, p"). Finally, Z,,7,_,4,, is not conjugate with ZL, , 


for, if S transform the former into the latter, it is seen that S must replace &, 
by + and », by 6,,€,, where vd}, = 1. Combining the four non-con- 


jugate substitutions into the single type / = L,, 7,_,L,,, where 4, 7=1, v, 


it will be shown that each ’ is commutative with exactly 4p*" substitutions of 


SA(4, p"), p > 2, and hence is one of a set of ¢( p™ — 1) (p* — 1)p” conjugate 
substitutions. In proof, let S be commutative with Z’. Then S must be com- 
mutative with Z” = 7,_,, so that S must be of the form (12). Also S must 
be commutative with L, and hence have = 0, 8,,= 0, a,, = 6,,, 
a,, = é,, §8). Hence S has the form 


0 0 
| 0 a 0 0 
| 


0 0 0 a! 


Inversely, each of these substitutions is evidently commutative with Z’. 


subject to the abelian relations 
2 | 
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In view of the number of the substitutions of S.A(4, p") commutative with 
the substitutions / and the number commutative with the four of § 9, none of 


the latter are conjugate with a substitution /’. 


§ 11. Canonical form of a binary substitution of irreducible characteristic 


determinant. 


Theorem. <A binary linear substitution in the G Fp ] 


a 
>= (ad — By =1 
( B é ) 


whose characteristic determinant — K(a + + 1 is irreducible in the 


field may be transformed into the canonical form 


0 1 


by a linear substitution of determinant unity and belonging to the field. 

If By=0, then D(x) = (« —a)(« contrary to hypothesis. Trans- 
forming > by we obtain S = ( ). Ifybeas 
i): ‘ 048 y be a square 


in the field, the transform of S by 7,,: gives =,. If y be a not-square, so 


\ 


1 
that p> 2, the transform of S by ( ) is a substitution of the form > 


0 

with c= y + t(a + 8) + 7*y~' in place of the coefficient y. Since 
ey'=14 + 8) + (ty 

is irreducible in the field, ¢ cannot vanish. Moreover, at most two values of 7 

give the same value to the expression c. Hence ¢ has at least }(p" + 1) values 

+ 0, at least one of which is therefore a square in the field. By the earlier 

case, the substitution is conjugate with >, . 


By an analogous proof, = may be transformed into 


até 
1 0}° 


§ 12. Substitutions whose characteristic determinant is the product of two 
linear factors and an irreducible quadratic factor. 

Let the characteristic determinant A(«) of the abelian substitution S be 
the product of two linear factors and an irreducible quadratic factor each be- 
longing to the G/'[p"]. Denote the roots of the former by a, ) and those of 
the latter by Then($3),b=a™', hence *'=1, "+1, 
the latter excluding only the two roots + 1 of the former, so that >’ may have 


p” —1 or 2" distinct values, according as p > 2 or p= 2. 
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If a' +a, S may be transformed by a substitution of SA(4, p") into a 
substitution S’ which replaces &, by a&, and n, by a~'n,. On account of the 
abelian conditions, S’ is seen to affect —,, », according to a substitution of the 


5) (ad — By =1). 


From the invariance of A(x), it follows that X, X~' are the roots of 


form 


In particular, the latter is irreducible in the GF’ [p"]. By $11, there exists a 
substitution on &,, , with coefficients in the field and having determinant unity 


0 1 
\—1 a+6)° 


which transforms = into 

A substitution S of the group SA [4, p"] whose characteristic determinant is 
the product of two distinct linear factors kK —a@, K— a and an irreducible 
quadratic factor x — Ak + 1 is conjugate within the group with the canonical 


substitution 


0 0 1 


0-1 A} 


If a~'=a, S may be transformed by a substitution of the group into a sub- 


stitution S, which replaces & by a&, and », by an, + 5&, and therefore &,, 7, by 
linear functions of &,, 7, only. If +0, we transform S, by 7,, and obtain 


a substitution of the form S, with c~*d in place of 5, so that 6 may be restricted 
to unity and (for p > 2) a particular not-square v of the field. The canonical 
Jorms within SA(4, p") of substitutions whose characteristic determinant is 
the product of two equal linear factors « = 1, and an irreducible quadratic 


Jactor — Ax + 1 are 


f+1 0 0 0) 
b +1 0 0] 
(19°) (6=0, lorv). 
0 0 


0 —1 A 


To obtain ultimate canonical forms, we introduce the new indices, conjugate 
with respect to the GF p"], 


N=-—£,4%,, V=—£,4+2",. 


Then (18’) and (19’) each replace X by 


[@ 0 0 0 } 

| 
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— AE, + (AA —1)7,= — rE, = X — &, An, 

Henee (18’) and (19’) are reducible to the canonical forms 

(18) Emak,, n,=a'n,, X'=aAX, 


Two substitutions of S.A(4, p»”") reducible in this manner to the same canon- 


ical form (18) or (19) are conjugate within the group and inversely. 
There are p* —1)( p" —3) or 12°(2" — 2) non-conjugate canonical types 
4 / / 4 J > A 


(18). Indeed, 17, transforms (18) into a like substitution with « and a~' inter- 
changed; /, transforms (18) into a like substitution with X and A~ inter- 
changed. <A substitution of SA(4, p") commutative with one having the canon- 


ical form (18) has simultaneously the canonical form 


where ¢ is any mark + 0 of the GF’[ p"] and 7 any root of 7’""!' = 1, giving 
(p" —1)(p* +1) substitutions. Hence each type (18) represents a complete 
set of — 1) conjugate substitutions of SA(4, p"). 

For b = 0, there are p* — 1 or 2"~' non-conjugate types (19). A substitution 
of SA(4, p”") commutative with one having the canonical form (19) with b= 0 


has simultaneously the canonical form 
(20) & =r, + 8n,, = + 5 


where ru — st = 1, giving p"(p*’ —1)(p" +1) substitutions. Each type thus 
represents p*’(p*" + 1)(p" — 1) conjugate substitutions of SA(4, p"). 

For 6 = 1 or a not-square v, there are altogether 2(p"— 1) or 2"~' non-con- 
jugate types (19). The commutative substitutions have the canonical form (20) 
with s=0,r=u=+1, giving 2p"(p" + 1) or 2"(2" + 1) substitutions. Hence 
each type represents a set of }p"'(p*" —1)(p" —1) or 2° (2** — 1)(2"—1) con- 


jugate substitutions. 


$13. Substitutions whose characteristic equations have no root in the GF p"}. 


THEOREM. Within SA(4, p") any substitution S, whose characteristic 
equation A(x) = 9 has no root in the GF{ Pp"); is conjugate with a substitu- 
tion replacing &, by yn, - 

Let S replace &, by = a, + + + Suppose first that y,, 
+0. There exists in SA(4, p") a substitution 7 which replaces &, by y;’£, 
and », by [compare $4]. Then 7-'ST replaces &, by y7'7,. The same 
result will follow if S be conjugate within S.A(4, p") with a substitution having 
Y¥, +9. In the contrary case y,, = 8,, = Y= 8..= 9 in S and all its con- 
jugates ; indeed, by transforming S by J/,, P,, or P,,-/,, we may bring the 


Trans. Am. Math. Soc. 9 


| 
| 
| 
| 
| 
| 
| | 
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coefficient 8.,, ¥,, or 8,, in the place of the former y,,. By an earlier trans- 


formation, we can make 8,,=+7,,=0.* The resulting substitution is 
12 Yi2 


0 
| 0 
| 


S'= 


a,, 


B,, 

The transform of S’ by n| = 7, + 7,, & = &,— &, has 8,, as the coefficient of 
£ in Hence 8,,.=90. Similarly y,=0. Next Z,, transforms S’ into 
a substitution with 6,,—a,, as the coefficient of », in &. Hence 6,, = a,, and 

- similarly 6,,=a,,. The transform of S’ by V,,,:& =& &=&+,> 
has 6,,—a,, as the coefficient of », in &. = 6,, and similarly 
a, =6,,. Nowa,, or 6,, is not zero, since otherwise the characteristic equation 


Hence a 
has a root a,, or 6,, in the field. The transformed of S’ by 


0, =, —7, 

has the form 
0 ) 
| 


0 
0 0 | 


J 


It is transformed by 7),,’, into P,, whose characteristic determinant is (1 — «’)’, 


contrary to the hypothesis concerning the roots of A(«)= 0. 


$14. 


The further discussion of the resulting substitution 


| 
| 


is separated into the cases 8,,= 6,,= 9, when the substitution has the form 
(12), and 8,,, 6,, not both zero. In the latter case we may take £,, + 0, first 
transforming by JZ, if 6,,+ 0. Transforming by T5149 we have a similar 
substitution with 8,,=1. Then the transform by LZ, 


becomes 
“12 


Quarterly Journal of Mathematics, vol. 32, pp. 42-63, 25, 1900. 


a, 9 
0 | 
0 | 
(% + 74). =0) , 
|| 
0 
| 0 Yo Yo2 
| 
0 B,, B,, | 
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111022 

It has the characteristic determinant 
(22) «(84+ 6,,) + + 6, — + +1. 
It is the product of two factors x° — ox + 1 and «* — rA« +1 if, and only if, 

may be satisfied by marks o, X of the GF[p"]. For p> 2, the necessary and 
sufficient condition is that (a,,+ 6,,— 5,,)° + 47,,7.. be zero or a square in the 
field, viz., (o —)*. In particular, if y,, = 0, we have 


A(x) = — + — x(a,, + 6,,) +1]. 


$15. 
We seek the conditions under which new indices 
A= a&, bn, = dn, = a€, bn, + dn, 


may be introduced so that S, will replace Y by and by 
where A, a,b, c,d, a,,---, are marks of the GF’ [p'] satisfying the equation 


In order that S, shall replace Y by Y and ” by —V + AY, we must have 
=b + dBy, + By, 
| + — A). 


On substitution of the values of ¢,, b,,¢,, ¢, into the second set of equations, 
we have the following equations : 


bB,(6,, — A) — cy. — = 9, 
a(6,, — A)yy, + + — 8A) + + + 8, — A) 
+ dy, (82, + + §,,8,. — 16,,) = 0, 
+ + — A) + + + 85. — A) 
+ di + + — A)} = 0, 
+ CY + —A)+ a5, + —A)=0. 


| 
| 


— 


‘ 
i | 
| 
1901 121 4 
0 
B, 1 0 
S = (8 1). 
0 Vitec Gas Yoo 
4 
ad d i 
(23) + =1. 
a, b, C, d, 
(24) 
(25) 
(26) 
} 
(27) 
| 
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Multiplying (24) by a,, + 6,,— A and adding to (27), we find 
(28) + B,(6,, — A)(a,, + — A) = 9. 
Indeed, if b= 0, then a, = 0, @= 90; then (24) and (26) require 
a,,+6,,—A=0, 


whence (24) and (25) require d= 0, y,,c = 90. Then 7, = 0, so that (23) will 

not hold. If we caleulate the determinant of the coefficients of (24), (25), (26), 

(27), we find y?, times the square of the left member of (28). Hence the latter is 

the condition that these equations have solutions other than a =b=c=d=0. 
In order that A determined by (28), viz., 


A? — A(6,, + 8,.) + 8, — = 0, 


shall belong to the GF p"] it is necessary and sufficient that A(«) decomposes 
into quadratic factors Ax +1,«°— A’« +1 [see $14]. 


For the case of y,, = 0 , the decomposition is evident : 


A= A’ = Ay. + 8,5 
If these roots be equal, we have 
since a,,6,, = 1, so that «* — 6,,« + 1 would be reducible in the field. Hence 
if A(x) has equal irreducible quadratic factors, then y,, + 0. 
In ease (28) is satisfied by a mark A, equation (27) may be dropped from 
consideration. Multiplying (24) by 7,, and adding to (26), we find 


(26°) + ba.,, + Ca,.( A, + — A ) + AB,,(a., 8,5 A) = 0. 


Multiplying (24) by y,,6,, and (27) by — y,,, and adding the resulting equations 
to (25), we find 
(25’) d =a(8,,— A). 


Using the relation 1 + £,,7,, = a,,5,, and (28), we have from (26’) and (24) 
+ + + 8,,— A)} = 0, 
(5,, — A) {ay,,6,, + + e(a,, + 6,,— A)} 
If 6,—A=0, then y,,=0 and a,,+0. Hence, in every case 


9) b= — — + 6,, — A). 


Hence, if (28) be satisfied, equations (24), (25), (26), (27) are equivalent to the 
two (25’) and (29). 


(April 
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It remains to prove that the condition (23) may be satisfied. 
we may take A = so that7=0,d7,=0. Then 


2. 2h 
For p = 2, we may take b= 0, a every mark of the G/’[2"] being a 
square. For p > 2, the condition may be written 


It has solutions a, 6 in the GF'[ p"] , unless 6,,= +2. In the latter case 
« — 6 «+ 1=(« +1)’, contrary to hypothesis. Then c is determined by (29) 
since a,, + 6,,—6+ 0. 

For ¥,,+ 9, we may suppose 6,,=0. Indeed the transform of S, by 
Li, + TY = 9, is of the form with 6,,=0,¥,,+0. Then 


b= —c(a,,— A), a, = —cB,(4,,— A), 
b, =ay,,—cA(a,— A), d, = 
Hence the condition (23) becomes 


— acA(a,, + 8, —2A)+e¢ Y22 — B, —A/)}=1. 


Since —1, = (6,, — A)(a,, — A), the condition may be written 
(a,, + 6,, — 2A) — acy,, A(a,, — A) + = ¥,,(@,, — A). 


Here a,,— A +0. Hence the equation is impossible if 24 = a,, + 6,,, whence 


11? 
47,,.%.. + (a, —6,,)? =9. In this case A(x) is the square of a quadratic factor 
(see $14). 

This case being excluded here the above condition may be satisfied, when 
p> 2, unless 1 — 0 [ef. $1]. Then ¥,,7., = (6,, = 2)(a@,, 2), so that 
+ (43. — = + 4)’, 

A(«) = — «(a,, + 6, =2)4+1] 2e +1), 
contrary to the hypothesis concerning the roots of A(«)=0. For p=2, the 
condition is satisfied by the values 
a= %;,°A(a,, — A)*(a,, + €= (4. — A)~*(a,, + 

As a first conclusion of the preceding investigation it follows that if the char- 
acteristic determinant A(«) of a substitution S of SA(4, p") decomposes in the 
GI p"| into two distinct irreducible quadratic factors «*— A« +1 and 
«°— A’ke +1, then S is conjugate within SA(4, p") with a substitution of 
the form (12) and therefore conjugate with 


| 


| 
| 
123 
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0 


0 


If A(«) be the square of an irreducible quadratic factor, then S is either conju- 
ate with (21) for 8,, = 6,, = 0 and hence conjugate with (30), or else is conju- 
ate with S, with y,,+ 0. In the latter case we transform by LZ), and make 


> 


6,, = 9, obtaining the substitution 


The characteristic determinant of S, is 

A(«) = + a) 4+ «°(2 + ba—yy,) + a)41. 
In particular, A(«) is a perfect square * if, and only if, 
(31) — 4yy, = (a — 6)’. 

A second result of the investigation is that S is conjugate with a substitution 
of the form S, within SA(4, p") when A(«) is irreducible in the GFT p"] or is 
the product of two factors x* — px + 7, tT +1, belonging to and irreducible in 
the GF p"]. The latter cases are treated in $17; the case in which (31) 


holds is considered in the next section. 


$16. Characteristic determinant the square of an irreducible quadratic. 
Consider the following substitution of the’form S,: 


0 


| 
| 
| 


0 
It has the characteristictie determinant (whether p = 2 or p> 2) 
Ka+ «(2 —c)—Ka+1= —(—c)*« +1)’. 


*If p > 2 and (31) is satisfied, A(«) = x? — }( «+12, 
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| 0 1 | 0) 
A 0 0 | 
(30) | |. 
| 
0 A’ | 
0 0 0 | 
8 1. 
S, = | | ° 
| 0 | 
| 
i 0 0 —y' 0 j 
| 1 0 0 | 
—1 0 1 0 | 
(32) (—4¢e—a’). 
0 c a c 
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A substitution S, satisfying (31) will have the same characteristic determinant 
as if, and only if, = a + 6, and for p=2,c=a*—vyy,. The latter are 
consequently necessary conditions for the conjugacy of S, and ~, under linear 
transformation. We proceed to prove that, if SN, satisfy the condition (31) and 
if + 1 be irreducible in the p’], then =a + 6, together 
with ¢ = a* — yy, if p = 2, are sufficient conditions for the conjugacy of S, and 
>, within SA(4, p"). Assuming these conditions satisfied, we may determine 
a substitution S of SA(4, p") such that SS,=2,S. We take for S the 
general substitution (1), the latter relation imposes a set of conditions which re- 
duce to the following upon applying a = a + 6, — 4c = « and (31): 
2= — 4, + 191 ’ = — + AYO FOV Nes 
= 7, a, — 5, — 98,,, = F OM 
NB», + Vos = — CY — 
a, = 9), + = — 
It suffices to take a,, = 0. Setting p = y;'v,,, we have S in the form 
YP 
0 
cB,, 
The abelian relations (2), (3), (4) here reduce to the two: 
2 / — 
33 + Bi + + 
(33) 


— 68°, — — — 26,9 + a8,,p + =0. 


Multiplying the first by a and the second by — 1 and adding, we have 


(34) (a + 8) (51, + + + = ay, 
If p> 2, we may eliminate p between (33) and (54) and find 
5? {—Bi(e + 4) + — = 1287, -—( 
We prove that there exists a mark 87, making the coefficient of 6°, a square 
and the right member not zero. Let 


Tt = 8a"'ay,' — 


For p> 2, 7+ 9; since 2u~'a = 1 requires a = 6 and therefore yy, =0. If 


7 be square, we may take 8,, = 0, when (35) determines 6,, + 0 and (34) de- 
Suppose finally that 7 is a not-square. Since « —(—c)-«+1 


termines p. 


f 

| 
| 

| 

| 
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is irreducible, — ¢ — 4 is a not-square. After we divide (35) by 7 , the question 
is the possibility of finding a mark yw? such that w* + 1 is a not-square. There 
are }(p"= 1) such squares uw’ + 0, according as p*= 4/+1.* Hence for 
p" > 5, there are at least two marks 87, making the coefficient of 67, in (35) a 
square, and hence at least one mark £7, 
Then 6,, is determined different from zero, so that (34) gives p. 


making also the right member + 0. 


For p" = 5, the right member of (85) vanishes only if 
ei, (— C) ay;'=+2. 

Then 7 is a not-square only when y>'= + 1 or —1. Since y, is a square, it 
may be taken to be +1 by an earlier transformation of S, by 7,,7,,-1, @ 
being suitably chosen. With y, =1, then a'a=+1. But a~'a =1 makes 
7 a square. Hence a“'a=—1, so that 5= —2a, a=—28. Since 
—c—4 is a not-square, and —c = &, it follows that ®=1, a? =—1- 
Since 87, was chosen to make the coefficient of 67, a square, and since 7 is now 
3, it follows that 87, = —1, andé,=90. Then (34) is an identity and (33) 
becomes (2p — 8,,)? = 1 and may be satisfied. 

For p*=3, ¢ = 0 (mod 3), since — ¢ — 4 is to be a not-square, necessarily 
>, cannot be employed. Since a + 6 = 0, (31) 


—1. Hence the substitution 


gives yy, = —a° =—1(mod 3). Hence S, takes the form 


jut M, transforms [a, into [—a, —y]. Hence [a, 7] is conju- 
gate either with [1, —1] or with [—1, —1]. The latter is transformed 
into the former by the special abelian substitution 
1 0 —1 
0 
|—1 0 —1 
|—1 1 0 1 
p=2, wehavea=0,a+6=0, 80 that (54) becomes 
=ay,'. The latter together with (33) are to be satisfied by marks Bas 
n> p of the GF[2"]. Letting p = 8,7" in (33), dividing by ¢8?, and ex- 


tracting the square root, we find 


(mod 2) 


+ 


*American Journal of Mathematics, vol. 21, p. 196. 


11 


i 
anil 
0 0 
1 
fa, yi=] 
L 0 -1 
0 0 0 
ae 
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upon eliminating 8,, and denoting the constant c-a~'y, by g. It remains to 
prove that a mark 6,, may be founded for which this equation has a root 7 be- 
7 2 


longing to the field. But, by $7, 7? + 7 = 7 is irreducible if, and only if, 


T+? A... 
By hypothesis «? + ¢'« + 1=0 and therefore u* + « + c~' = 0 is irreducible 
in the field, so that 


If, for every mark 8. , the equation in 7 be irreducible, then 


must be an identity modulo 2 in the variable 6,,. This will be the case if, 
and only if, gy =g’y;', whence y=y,. The latter requires e=a’. But 
e=a*—vyy,.- Hence y = 0, which is impossible. 

In addition to the determination of the canonical form (32) and for p" 
[1, —1], we have derived the theorem : 

If two substitutions S, have as (common) characteristic determinant the square 


of an irreducible quadratic, they are conjugate within the group SA(4, p")- 


It remains to consider the cases in which A(«) is irreducible in the 
GF'[p"] or is the product of two irreducible quadratic factors of the form 
K—pe+7,7T+1. In either case the roots of A(c)= 0 area, a ', o , 
in the former case = 1, in the latter case o”’-'=1. We may 
write A(x) = 0 in the form 


(36) = (0? —ca+1)(o* — +1). 
The substitution S, given at the end of $15, multiplies by o the function 


X, = — vé, + oyyn, + (0? — 06 + + — od + 1)n,. 
Denote by Y’,, X,, J’, the linear functions derived from XY, upon replacing ¢ 
respectively. If A(x) be irreducible, so that belongs to the 
GF[p], the functions Y,, Y,, X,, VY, are conjugate with respect to the 
GF[p"]. In the second case, belongs to the GF'[ p*"] , so that -Y, and 
Y and F, are conjugate with respect to the G/'[p"]. Hence the four fune- 


tions satisfy the requirements as to the conjugacy. In terms of these functions 
3 JUSAC) 


by 


taken as new indices,* the substitution S, takes the canonical form 


* It may be verified by direct calculation that the determinant of the transformation of in- 
dices does not vanish ; but the result follows from the abelian character of the transformation. 


| 

| 

$17. 
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The transformation of indices satisfies those abelian conditions specified by 
i formulz (3) and (4). In fact, 

—Y oY, o*—oad+1 — + 1) 


= — o"){yy, + (o? — + 1)(0?" — 4+ 
On elimination of yy, by (36), the quantity in brackets vanishes if 
ao? — ga + 1) +0" 8 4 1=0. 
The latter is derived by multiplying by o”" the identity 
=a4+6, 


which follows from the form of A(x) =,0, with the roots o, a7’, ---. ‘In a 
similar manner, we find that 
oY, o*—od+1 — + 1) | 
—y of yy, on?" — ao? § +1) 
Replacing « by o~' in the two identities just established, we obtain two new 
identities. The four embrace the relations (3) and (4). Consider next the left 


member of the first abelian relation (2): 


—Y oY), o—ad+1 — + 1) 
1 2 


Denoting, for the moment, the quantity in brackets by C’, we observe that Co° 
may be written 
@+6 
— 1) (o? — > 1) 
and hence does not vanish. If o—a~'=0, then co? —1= 0, contrary to hy- 
pothesis. The left member of the second abelian relation (2) is seen in like 
manner to be 


If it is only necesary that X, and Y,, and be conjugate 


with respect to the GF'[ p"|. When we take in place of Y, and X, 
in place of .Y,, the canonical form (37) is preserved, as well as the abelian re- 
lations (3) and (4) just established. In case yu is the reciprocal of y/o — a~')C, 
the resulting transformation of indices satisfies also the abelian relations (2) and 
is therefore an abelian substitution in the G/T p*] on two pairs of conjugate 
indices. In this case it follows that two substitutions S, having the same char- 


acteristic equation are conjugate within SA(4, p"). 
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If A(x) = 0 be irreducible, so that =a~', the replacement of by 
requires the replacement of J, by X, by X,, FV, by 
The above expression y(o — o~')C is then multiplied by «”"~!, a mark of 
the GFT p*"]; the product can not be made unity by choice of », since C' be- 
longs to the GF'[p*"] , while ¢ —a~' does not. Hence S, is not reducible to 
the canonical form (37) by a special abelian substitution with conjugate indices. 
Nor is S, so reducible by a general abelian substitution ; for the product 

— a) C 
differs from its (p")-th power; indeed, the product equals the negative of its 
(p™)-th power. By a suitable choice of = 1. so that the left mem- 


and Hence if denote the transfor- 


bers of (2) become ¢ — o~ 
mation of indices reducing S, to the canonical form (37), then 7’ replaces by 
, where 
’ 
En, E, ”, 


when 7’ operates cogrediently upon the indices &., », and &., 7,. If 7 denote 
the transformation of indices which reduces a second substitution S’ to the can- 
onical form (37), the product A = 7’ 7-' leaves ¢ absolutely invariant and 
transforms S} into S,. In view of the conjugacy of the indices Y,, 1’, and 
the invariance of ¢ under A, the latter may be expressed as a special abelian 
substitution on &,, , with coefficients in the GF p"]. Hence, if two substi- 
tutions S, have the same characteristic determinant and if the latter be irre- 
ducible or the product of tro irreducible quadratic fuctors — pk + 7,7 + 1, 


they are conjugate within the group NA(4, Pp). 


18. 

Let S be an abelian substitution whose characteristic determinant is ir- 
reducible in the GF[p"], so that S may be reduced to the canonical form 
(37), where o”"*!'=1. Of the solutions of the latter, only ¢ = + 1 satisfy 
also = 1, so that there remain —1 or 2” suitable values of Re- 
placing o by o~', we obtain from (37) a substitution which is transformed into 
(37) by replacing o by we obtain the transform of (37) by 
Replacing o by o” , we obtain the transform of (387) by P,,.W,. Any new 


replacement of o leads to a substitution not conjugate with (37). Hence there 


are — 1) or non-conjugate types (87). An abelian substitution 
commutative with an abelian substitution S having the canonical form (37) has 


simultaneously the canonical form 


so that there are p* +1 such substitutions S,. Hence S is conjugate with 


— 1) substitutions within S1(4, p"). 


q 
| 
4 
| 
| 
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$19. 
An abelian substitution S whose characteristic determinant is the product 
of two irreducible quadratic factors «*—pxe+7, 7T+1, is reducible to 
the canonical form (37), where = 1, +06, The(p"—1) 


or 2** — 2-2” suitable values of ¢ give, in sets of four, conjugate substitutions. 


Hence there are }(p" — 1)’ or $2°(2" — 2) non-conjugate types. Each is com- 


mutative with p**—1 substitutions and therefore conjugate with exactly 


p’(p™ — 1) substitutions of SA(4, p"). 


§ 20. 
An abelian substitution S whose characteristic determinant is the prod- 
uct of two distinct irreducible factors of the form «* — Ax +1 is conjugate 
within SA(4, p") with a substitution (30) and therefore is reducible to the can- 


onieal form 


1 1 


the p" + 1 solutions of A”’*'=1, X= +1 are to be excluded; then of the 
+1 solutions of *'=1, w=+1 and are to be excluded. 
Hence there are (p" — 1)(p" — 3) or 2"(2" — 2) pairs of suitable values A, uw. 


But A’ and A~' are interchanged upon transforming (38) by J/,; » and po! 


upon 
transforming by ./,; A and w, A~' and w~' upon transforming by P,,. Hence 
eight of the pairs of values A, » lead to conjugate types, so that there are ex- 
actly 1(p" — 1)(p" — 3) or 42"(2" — 2) non-conjugate types (38). Each is com- 
mutative with exactly (p" + 1)* substitutions having the canonical form 
A, =7X,, A, 
tT being a primitive root of the equation t’’*' = 1 and / and m being arbitrary in 
tegers. Each type represents a set of p'(p* + 1)(p"—1) conjugate substi- 
tutions of SA(4, p"). 
$21. 

An abelian substitution S whose characteristic determinant is the square 
of an irreducible quadratic is either conjugate within SA(4, p") with a substitu- 
tion (30) having A’ = A or else with a substitution S, satisfying (31). In the 
former case, S has the canonical form 
where A”""'=1,X++1. There are }(p"—1) or 2”~' types not conjugate 
within SA(4, p’). An abelian substitution S,, commutative with S has simul- 


taneously the canonical form 
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X’ weX, + 


l 
Y= a” ¥,, 
subject to the abelian conditions * 


But these are the conditions that f 5) shall be a binary hyperorthogonal sub- 


stitution, the number of which is (p" + 1)p"(p*™—1). Hence each canonical 
form (39) represents a set of p*( p** + 1)(p"—1) conjugate substitutions of 
SA(4, p”). 

§ 22. 


A substitution S, satisfying (31) has the canonical form 
(40) X/moX,, A,= o"X,, FY 
o being a root of A(e) = 0. As in $17, we employ new indices 
X, = — v6, + + (0 — 684+ VE, 4+ — + 1)n,, 
and YX, obtained from XY, by replacing by = o~'; but for Y, and F, we 
now take the functions 
VY, = + y(6—20)n,, + — VE, + — 207"). 
The determinant of the transformation of indices is seen to be 
0. 
Upon replacing o by o~' in (40), we obtain the transform of (40) by P,,. 
Hence there are }( p" — 1) or 2"~' non-conjugate types (40). Each is commuta- 
tive only with the substitutions 


A,waX,, VY, =a? ¥,+d*X,, X, ma’ X,, VF, =al¥,+dX,, 


where a?"+!=1, a?"d= so that d=ax, « a mark of the GF[p"] 
giving p"(p" + 1) commutative substitutions. Hence each type represents a set 
of p*"(p* — 1)(p" — 1) conjugate substitutions within SA(4, p"). 


$23. Summary of the preceding results. 


The numerical results obtained in the preceding investigation are collected 
into the following table. The mark yp» denotes 1 or a particular not-square v 


when p> 2; while »=1, if p=2. Also, @ denotes } or 1 according as 
p>2orp=2. Finally, for p>2, +1 according as p*=4/+1. By 


the “ number of types ” 


is meant the number of non-conjugate types of the speci- 

* Indeed, S given by (30) with A’—A may be reduced to its canonical form by an abelian 
substitution (not necessarily special), so that the canonical form of S, satisfies the conditions (2), 
(3), (4) 
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fied form within SA(4, p"). Asa check upon the enumeration it was verified 
that the sum of the products of the number of conjugate substitutions of each 
type (fourth column) by the number of types (second or third column) gives the 
order V = p(p*™ — 1)(p™ — 1) of the group. 
TABLE OF THE NON-CONJUGATE TYPES OF OPERATORS OF THE GROUP 
SA(4, p") OF ORDER UV. 
Number of types. Number of conjugate 
substitutions of each 
p>2 p=2 type. 
3) (p — 5) (2 p* (p+ 1) (p’ 1)? 
— 3) | p'(p™ + 1) (p" +1) 
(3) 3(p" — 3) p'(p™ — 1) (p" + 1) 


(9), B=9 | p'(p™ + 1)(p" + 1) 
(9), 3 | —1)(p" +1) 
1 1 


(13) 
A. 


bo po bo 


— 1) 


L 
bo 


| pr p* 1) 
+ 1) (p" 1) 
p™ + 1) ( p" 1) 


+1) 


to to 


ro 


| 
2 — 1) (p" —€) 
2 1) — 1) 
1) (p"—1) 
(18) i(p"—1) (p'— 38) 1) —1) 
(19), b=0 p*—1 + 1)(p" —1) 
(39), — 1) (p" — 1) 
(37), oF 1 1(p™ — 1) 
(37), 1 4(p" — 1)’ — 1) 
(38) p"— 1) (p"— 8) 
| (39) |  &(p"—1) = 
(40) | 3(p" — 1) — 1) (p"—1) 
| 
| 
1) (p"— 1) 
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§ 24. The group SA(4, 2) and the symmetric group on six letters, 


A second check upon the above results is furnished by a consideration 
of the case p" = 2, when the group SA(4, 2) is holoedrically isomorphic with 


the symmetric group on six letters.* The isomorphism may le established by 


the correspondence of generators : 
(12) ~ 23 (34)~ 8, (45)~Z,,, (56)~ 


where 


11 


~ (13), (46). Then} 


il 


= M,S' ~ (2456), R,= M,L',S'L,, ~ (18)(2456), 


Li ~ (18) (46) (25). 


, there is a single type L,,.V/, given by (19’) for b = 0 and a single 
type L', L,, M, given by (19’) for 6 =1, The single type (89) may be rep- 
resented by L,, IZL,,M,. ‘= 1, may be 


The single types (40) and (37), o”” 


represented respectively by 


[40] = | = M[13] 


[37] L;,M[13)M,. 


1 
0 
1 
0 


For p" = 2 the above table gives the following types of abelian substitutions : 


* Proceedings of the London Mathematical Society, vol. 31, p. 40, 1899. 
¢ The abelian substitution numbered (13) is now referred to as [13]. 
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1) = 
1 0 0) 
i101 
0 0 1 
0 0) 
o| | 
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Corresponding substitution 
on six letters. 


Type. Number of conjugates. 
identity 1 identity 

15 (23) 
45 23) (45) 
[13] 15 (13) (25) (46) 

90 (2456) 

90 (13) (2456) 

40 (465) 
120 (13) (465) 
144 (16523) 
40 (123) (465) 
120 (164523) 


The third column gives every type of substitution on six letters and the num- 
ber of conjugates to each type is given by the second column. In view of the 
independence of the two determinations of the types of substitutions of S.A(4, 2), 
the check is a complete one. 

25. Operators of the simple group A(4 


For p=2, n>1, the group SA(4, p") is simple; for p> 2, it has 
the maximal invariant subgroup composed of the identity and 7= 7,_,7,_,, 
the quotient-group A(4, p") being simple.* In view of the importance of the 
latter group, we proceed to determine, by means of the earlier results, the dis- 


tribution of its operators into complete sets of conjugate operators. 


In the table (§ 23) of the non-conjugate types of substitutions within S.A(4, p"), 


p>2, the types are grouped into sets (each set being exhibited in a single line 
of the table, except the last two sets) such that types S and S7' always belong 
to the same set. If S be not conjugate with S7’ within SA(4, p"), the 
number of conjugates with S within S.A(4 , p") equals the number of conjugates 
with S within A(4, p").¢ If, however, there exists a substitution V in 
SA(4, p") which transforms S into S7’, the number of conjugates with S in 
A(4, p") equals one-half the number of conjugates with S in SA(4, p"); in- 
deed, if W transforms S, into S, then WV W will transform S, into S,7’. 


1 
A type S of the group SA(4, p”), p > 2, will be called special and denoted 


*Quarterly Journal of Mathematics, vol. 29, pp. 169-178, 1897; vol. 31, pp. 383-4, 
1899 

t In the quotient-group, S and S7' become the same operator. It is convenient to denote the 
latter by S, the context suflicing to avoid confusion. 
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S if S be conjugate with S7 within the group. For example, there is a 
single special type (7), , 

1 =— im, &=— 1, = 
occurring if and only if — 1 be a square in the GF [p ], viz. if p* = 4/41. 
In general, a type can be special only when the negative of each root of the 
characteristic equation is also a root. 

For special types (6), three cases are to be examined. First, if —« = «™", 
so that — «~'=«, then must hence =—1, A7=—1, so that 
’ =« or x, contrary to the hypothesis for type (6). Second, if —« =, we 
have the special type 


which may be transformed into (6), 7’ by P,,. By the hypotheses for a type 
(6), «+ 0,«° +1, +—1, the latter having solutions in the GF’ [ p"] if, and 
only if, p* = 47+ 1. Hence there are }(p" — 5) non-conjugate special types (6), 
if p*= and — 8) such types if p*=4/—1. Third, if 
the resulting special type is transformed into (6), by .J/,. 

There is no special type (18), since a? =— 1, A*=— 1 require that «a and A 
belong to the same field, contrary to hypothesis. 

To show that type (37), o»*"*! = 1, is never special, we consider three cases. 


If —o =o", theno*? =— 1, while + 1 isnot divisible by4. If—c=o", 


1 


Similarly, for —o =o", 


then o?** =— a" 

To determine the special types (87), +1, +1, we 
examine the three cases. If —o either = 1 or o”"*! = 1, contrary 
to hypothesis. If —o=o”", each solution of o?"-!' =— 1, such that o7 +—1 
and therefore «+! + 1, furnishes a special type; there are p"—1 or p" —3 
such values of o according as p*'=4/+1. If —c=a~", each solution of 
o"*! =—1, such that o? +—1 and therefore o"-! + 1, furnishes a special 
type; there are p"=- 1 such values of o according as p'=4/+1. The two 
sets of values for o are wholly distinct since o? +1. Hence there are 2p" — 2 
values o, whatever be the form of p", p>2. Hence there are }(p"—1) 
special types (87) when o”*"-! = 1. 


Type (38) is not special for —>’ =A", 


, since then = A or 
but is special for ~ = — A, viz.: 
since P,, transforms it into (38) 7’. The number of solutions of = 1, 
+ —1, is p*—1 or p*— 3, according as p*= 4/ +1. 

Of the remaining types in the table of § 23, it may be determined by inspee- 
tion what special types, if any, exist. Our results may be combined in the fol- 
lowing table : 


¢ Trans, Am, Math, Soc, 10 
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TABLE OF THE NON-CONJUGATE TYPES* 
OF OPERATORS OF THE SIMPLE GrouUP A(4, p"), p> 2, 


OF ORDER } — 1)(p™* —1). 


Number of distinct types. Number of operators conjugate 


Type with each type. 
(6), (p"—5), 4(p"—8) + 1)(p" +1) 
(7), 1 0 4 + 1)(p" + 1) 
(7) (p"—5), 4(p"—83) p'(p™ + 1)(p" + 1) 
(8), 1 0 —1)(p" + 1) 
(8) t(p"—5) , §(p"—8) p'(p™ —1)(p" +1) 
(p" — 3) p"(p™ + 1)(p" +1) 
(9), 1 p"(p™ — 1) (p" +1) 
identity 1 1 
2 —1) 
1 1 —1)(p" +) 
L, 1 p"(p" —1)(p" — 8) 
A, 2 — 1) (p* — 1) 
(18) (p" —1)(p*— 8) p'(p" —1) 
(19), b=0 5 (p"—1) p'(p™ +1) (p"-1) 
(37), =1 1 — 1) — 
(87)., = 1 (p" —1) —1) 
(37) , =1 (p" —1)(p" —3) —1) 
(38), — 1) > +(p"—3) + 1) (p" — 1) 
(38) +1) (p"—1P 
(39), 0 1 + 1) (p" — 1) 
(40), | 0 —1)(p"—1) 
Ly 1 —1)(p" —1) 
2 — 1) —1) 


A type marked s is special, otherwise a type is not special except for 7i-; and J1,Z2,7i-1. 


1 
— 
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In the table « denotes 1 or a particular not-square v: € denotes + 1 accord- 
ing asp" =4/+1. The total number of non-conjugate types in the simple 
group A(4, p"), p> Z, is the same function of p" in the two cases p’ = 4/ +1, 
Viz. : 


1(p™ 41) + 8p" +6. 
§ 26. The operators of the simple group A(4, 3) of order 25920. 

As proved by Jorpan, SA(4, 3) is the group of the equation for the trisection 
of the periods of a hyperelliptic function of four periods. Moreover, the group 
of the equation for the determination of the 27 lines on a general eubie surface 
of the third order is of the same order 51840 as SA(4,3). After a certain 
square root has been adjoined to the realm of rationality, the group reduces to 
the quotient-group A(4, 3) of order 25920. Hence the above two problems 
are essentially the same. In view of the importance of the group A(4, 3), itis 
desirable to know the distribution of its operators into complete sets of conjugates 
and likewise for its cyclic subgroups. By § 25, there are exactly twenty types 
of non-conjugate operators in the group. It is desirable to have simple repre- 


sentatives in the group for each type. Type (89) may be represented by J/_JZ ; 


type (19),4=90, by JZ; type (19), b=1, by JZL,,: type (19), b= —-1, 
by 1,L,_,: type (37), of = —1, by type (40) by P,.L,_,7,_,; type 
(387), by S, for y,=1, ye a=s=—1, viz, 

0 1 0 0 } 


| | 
at 
| 0 0 1 0 | 


of characteristic determinant —«*+ «°—«+1. Of the precedin 


g statements, 
the only ones requiring further proof are those concerning the representatives 
P.M, and P,,L,_,7,_,; but the former has the characteristic determinant 
(x* + « —1)(x*— «—1), each factor being irreducible modulo 3, and hence 
has the canonical form (37), c* = 1; while the latter is reduced to the canonical 


form (40) by the abelian transformation 

X, + on,, §,— of,—on,, X,=,—on,, +08, + 07,, 
where c* =—1 (mod 3). We have therefore, by § 25, the complete list of types 
of operators of A(4, 3) together with their periods and the number of their con- 
jugates within A(4, 5), as given on the following page. 


27. Cyclic subgroups of the simple group A(A, 3). 


wr 


To determine the distinct types of cyclic subgroups of (4, 3), it is nee- 


essary to find what powers of each type of substitution are conjugate with 


\ 

| 

| 

| 
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Type. Period. | Conjugates. Type. Period. Conjugates. 

| 3 40 ideatity 1 1 

aa 3 40 A, 9 2880 

3 240 9 2880 

= 3 480 M, 4 540 

2 45 ML, , 12 2160 

6 360 ML, _, 12 2160 

a 6 360 K 5 5184 

6 1440 PM, 4 3240 

6 720 MM, 2 270 


is not conjugate with its square L,_,; L,,,, is con- 
jugate with its square. A_, is transformed into Ay! by 7,_,L),. Since 
A*=L'_, and A’ = L', are not conjugate, A, is not conjugate with either 
A® or A’, so that the latter are conjugate with A;'. Hence their squares A}, 
A, and Aj are conjugate. Hence A, generates a cyclic group self-conjugate 


that type. Thus, Z,, 


only under a G,,. Again, J/, is transformed into J} by the abelian substitu- 
tion (modulo 3) = &,+ ,, =&,—7,. Hence 
seventh power 
latter is _, 
above table) not conjugate with WL, 


|, 18 conjugate with its 
,,> 80 that the fifth and eleventh powers are conjugate. The 


and is consequently conjugate with J/,Z, _, and hence (by the 


, itself. Hence J/,L,, is conjugate only 
with one other generator of the same cyclic group. The fact that P,,Z,_,7,_, 
is conjugate with its reciprocal within A(4, 3) may be simply verified by observ- 
ing that the canonical form (40) is transformed into its reciprocal by the abelian 
substitution P,,7,_, 


to be conjugate with its reciprocal. Finally, there being but a single type of 


on the indices Y,, J’,. In a similar way, P,,J/, is shown 


substitutions of period 5, A” must be conjugate with A™*, A’, A‘. We have 
therefore the following complete list of the distinct types of cyclic subgroups 
of A(4, 3), together with the number of conjugates to each eyclic group. 


Type of generator. Conjugate cyclic groups. Generator. Groups. 
L., 40 A, 960 

120 M, 270 

240 1080 

45 K 1296 
360 P.M, 1620 

720 MM, 270 
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CERTAIN CASES IN WHICH THE VANISHING OF THE 
WRONSKIAN IS A SUFFICIENT CONDITION 
FOR LINEAR DEPENDENCE* 


BY 


MAXIME BOCHER 


PEaANO in Mathesis, vol. 9 (1889), p. 75 and p. 110 seems to have been the 
first to point out that the identical vanishing of the Wronskian of » functions of 
a single variable is not in all cases a sufficient condition for the linear dependence 
of these functions.¢ At the same time he indicated a case in which it is a suf- 
ficient condition, t and suggested the importance of finding other cases of the 
same sort. Without at first knowing of PEANo’s work, I was recently led to 
this same question, and found a case not included in PEANO’s in which the iden- 
tical vanishing of the Wronskian is a sufficient condition.§ It is my purpose 
in the present paper to consider these cases and others of a similar nature. 

3y far the most important case in which the identical vanishing of the 
Wronskian is a sufficient condition for linear dependence is that in which the 
functions in question are at every point of a certain region analytic functions, 
whether of a real or complex variable is, of course, immaterial. This case re- 
quires no further treatment here. 

We shall therefore be concerned exclusively with the case in which the inde- 
pendent variable a is real. This variable we will suppose to be confined to an 
interval J which may be finite or infinite, and if limited in one or both direc- 
tions may or may not contain the end points. In some of the proofs we shall 
use a subinterval =a=b of J: || this subinterval we call Z’. 

Whether the functions are real or complex is immaterial. 

We use the symbol = to denote an identity, i. e., an equality which holds at 
every point of the interval we are considering. 


* Presented to the Society December 28, 1909. Received for publication December 28, 1900. 
{It is of course a necessary condition provided the functions have finite derivatives of the 
first » — 1 orders at every point of the region in question. 
tSee $4 of the present paper. 
§$See Bulletin of the American Mathematical Society, December, 1900, p. 120, 
and Annals of Mathematics, second series, vol. 2, p. 93. 
We suppose here that a and b are finite quantities. 
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$1. The Fundamental Theorem. 


We consider first the special case of two functions. 
ToeoreM I. Let u,(a) and u,(x) be functions of x which at every point of 


T have finite first derivatives, while u, does not vanish in I; then if 
(1) uu,—uu =o, 
u, and u, are linearly dependent throughout I, and in particular 


(2 


=~) 


= 
U, == CU,. 


For dividing (1) by w; we have: 
d (u, 
2)=0. 
dx 


— = ¢ 


Therefore : 


We pass now to the general case which includes the case just considered. 

THeoreM II. Let u,(x), ---, u,(x) be functions of «x which at every 
point of I have finite derivatives of the first n — 1 orders, while the Wronskian 
Of Uys Us, +++, U,_, Coes not vanish in I; then if the Wronskian W of u,, u,> 

-, u, vanishes identically u,, u,, +++, u, are linearly dependent throughout I, 
and in particular : 

In the Wronskian : 


u 
W = 
we denote by W,, W,, ---, W,, the minors corresponding to the elements of 


the last row. We have then: 
Wie? =O G=0,1,---,2—1). 


Differentiating each of the first n — 1 of these identities and subtracting from 


it the one next following we get: 


te + Wu? (i=0,1,---,n—2). 


Let us add: these identities together after having multiplied the i-th of them 


{ 
ay 
F 
4. 
4 
4 
nd 
_ 
4 
= 
4 
4 
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(i=1,2,---,2—1) by the first minor of W, corresponding to v,‘~'. This 
gives 


W'W.-W'W =0. 


l 


Now since by hypothesis WW does not vanish in J we have by theorem I: 


W, 
In the same way: 
W, =-c, W,, 
Wi, =—c¢_,VW.. 


Therefore the identity 
Wy, + Wu, =, 
can be written: 


a(— Cyt, — + 0, 


and, since W, does not vanish, our theorem follows at once.* 


$2. A Generalization for the Case of Two Functions. 


TueoreM IIL. Let u, and u, be functions of « which at every point of I 
have finite derivatives of the first k orders (k =1), while u,, +++, ut 


do not all vanish at any one point of I; then if 
wus => 0 


u, and u, are linearly dependent, and in particular: 


= ¢ 
= 


This theorem will evidently be established if we can prove it for every finite 
and perfect subinterval J’ of 7. We will therefore in our proof consider only 
the interval J’. 

There cannot be more than a finite number of points in /’ where vu. =0. 


and since wv, is continuous it would vanish at ~,. By Rouue’s theorem there 


For if there were these points would have at least one limiting point x 


would also be an infinite number of points where w; 
have », as limiting point, and owing to the continuity of «; we should have 
Proceeding in the same way we see that ---, would 


== 0 and these points would 


all vanish at #,. That « would also vanish at #, must be shown in a slightly 


* This proof is merely a slight modification of the one given by FROBENIUs, Crelle, vol. 76 
(1873), p. 238. Cf. also HEFFTER, Lineare Differentialgleichungen, p. 233. 

t The special case of this theorem was given by PEANO,1. Cf. also Annals of 
Mathematics, second series, vol. 2, p. 92. 
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different manner since we do not know that \" is continuous. This follows at 
once, however, from the fact that w‘-') would vanish in every neighborhood of 
r We thus see that if ~, vanished at an infinite number of points in J’ there 


. 
0 


would be a point «, where u,, u;,+--, uv" all vanish, and this is contrary to 
hypothesis. 

The points at which w, = 0 therefore divide the interval /’ into a finite number 
of pieces throughout each of which theorem I tells that 7, is a constant multiple 
of w,, and owing to the continuity of «, and w, this relation must also hold at 
the extremities of the piece in question. It remains to show that this constant 
is the same for all the pieces. It will evidently be sufficient to consider two 
adjacent pieces separated by the point p. Suppose that in the piece to the left 


of p we have 


and in the piece to the right, 


Since the derivatives of «, and ~, at p may be found either by differentiating to 


the right or to the left we have: 
uy (p) Cu, (p) 


(p) CU (P)s 
Therefore 
0 


Now, since ~,(p) = 0, there must be at least one of the derivatives u/, uw’, 


uw which does not vanish at p. Therefore 
and our theorem is proved. 


$3. Two Evrtensions to the case of n Functions. 


THEOREM IV.* Let Wee be Sunctions of which at every point 
of I have finite derivatives of the first n—2+k orders (k=1), while the 


Wronskian of U,, Uy. +++, U,_, and its first k derivatives do not all vanish at 


any one point of I; then if the Wronskian Of Uys Uys sty U, Os identically 


ZEVO linearly dependent, and in particular: 
- 


= +¢ eee 


The proof of this theorem is, in the main, the same as that of theorem II. 
We will therefore only point out the two points of difference. 
1. We must use theorem III instead of theorem I to establish the relation : 


* The special case k = 1 of this theorem was given by the writer, 1. c. 


4 
4.) 
2 ‘et 
(i=1, 2, k). 
i=1, 2, --:, kh 
| 
| 
| 
| | 
| 
4 
~ 4 
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2. From the identity : 


= n—l 


we can now infer only that at the points where W, +0, 


In order to prove that this equation also holds at the points where W=0, 
we notice first that these points in any finite and perfect subinterval J’ of J are 
finite in number as otherwise there would be (cf. the proof of theorem III) a 
point of 7’ where W,, W,,---, W," all vanish. All the points where W) 


vanishes are therefore isolated, and since the equation 
+ 


holds everywhere except at these points it must on account of the continuity of 
the ~’s hold at these points also. Thus our theorem is proved. 

A little reflection on the results so far obtained will suggest the question 
whether the theorem of the last section might not be extended to the case of x 
functions by requiring, not as we have just done, that W,, W/,---, W.", do 
not all vanish at any point of J, but that ~, and a certain number of its de- 
rivatives shall not all vanish at any point of 7. The following example shows, 
however, not only that the theorem thus suggested is not true, but that even 
when xo one of the ws vanishes at any point of I the identical vanishing of 
the Wronskian is not necessarily a sufficient condition for linear dependence 
when we have more than two functions. 

EXAMPLE. Consider the three functions : 


1 


+e (x+0), 


(x= 0 
* 


These three functions are obviously linearly independent in any interval includ- 
ing both positive and negative values of «. Moreover no one of them vanishes 
for any real value of x Yet the Wronskian of 1, , u,, wu, is identically zero. 

The following theorems V and VI, which run somewhat along the lines just 
indicated, are, however, true: 

THEOREM V. Let u,,u,,--+, u, be functions of x which at every point of 
I have finite derivatives of the first n —1 orders, while no function (other 
than zero) of the form: 


| 

4 

(x>0), 

| 
| 
| 
| 
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(the ys being constants) vanishes together with its first n — 1 derivatives at any 
point of I; then if the Wronskian of u,, u,,+++, u, vanishes at any point p 
of I these functions are linearly dependent. 

From the fact that the Wronskian vanishes at p follows the existence of » con- 
stants ¢,, ¢, ---, ¢, not all zero and such that 


eu (Pp) t+ eu (p) p)= 0 (i=0,1,---,n—1), 
i. e., the function + + vanishes together with its first — 1 
derivatives at the point », and must therefore be identically zero. Thus our 
theorem is proved, 
TueoreM VI. Let u,, u,, ---, u, be functions of x which at every point of 
I have finite derivatives of the first k orders (k>n—1), while no function 
(other than zero) of the form 


n 


Ii, 


(the q's being constants) vanishes together with its first k derivatives at any 
point of I; then if the Wronskian of u,, u,, ---, u, vanishes identically these 
Junctions are linearly dependent. 

We prove this theorem first on the supposition that the Wronskian of 
Uys Uys +++, U,_, does not vanish identically.* In this case there exists a point p 
of J where the Wronskian of u,, u,, ---, u,_, does not vanish. Since this last 
named Wronskian is continuous it is different from zero throughout the neigh- 
borhood of »p. We see then by applying II that there exist n constants 

-, ¢, not all zero and such that the function 


. . . 

is zero throughout the neighborhood of ». Accordingly this fugtion vanishes 
together with its first / derivatives at p, and therefore vanishes identically. 
Thus our theorem is proved in this special case. 


In order to prove the theorem in general we first notice that if v, = 0 the w’s 
are surely linearly dependent. If w, is not identically zero, consider in succes- 
sion the Wronskians of of Uy, OF Uys U,, ete. Suppose the 
first of these which vanishes identically is the Wronskian of w,, v,,---, ,, 


(m=n—1). Then since the Wronskian of w,, v,,---, u,,, does not vanish 


identically, the special case of our theorem which we have already proved shows 
that “,, u,, are linearly dependent. Accordingly u,, u,, ---,u, are 
linearly dependent, and our theorem is proved. 

Theorems V and VI admit of immediate application to the theory of linear 


differential equations, as the following theorem shows. 


‘ The proof of this part of the theorem has been modified since the paper was presented to the 
Society by making it depend on II instead of on the lemmas of § 5. 


4 
t 
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Tueorem VII. Let Pos P, be functions of x which at every point 
of T are continuous, and let Yrs y (k=n) be Junctions of xv which at 
every point of I satisfy the differential equation 2 

then the identical vanishing of the Wronskian of (or in the case 
k=n the vanishing of this Wronskian at a single point of T) is a sufficient 
condition for the linear dependence Of Yor 

This theorem follows at once from theorems V and VI when we recall the fact 


that a solution of the above written differential equation which vanishes together 
with its first x — 1 derivatives at a point of J is necessarily identically zero. 


§ 4. Discussion of Peano’s Theorems. * 


One of PEANO’s results, as has already been stated, is the special case k = 1 
of theorem III. Apart from this PEANo’s results cover no case which is not 
also covered by the fundamental theorem of §1. I propose to show this in the 
present section. 

For this purpose we first establish the following: 

Lemma. Let u, and u, be functions of « which at every point of I have 
finite first derivatives, while 


uu, — uu, =O; 


if a point p exists in I at which u, = 9, while in every neighborhood of p lie 
points where + 0, then “u(p)= 0. 

For if u,(p) + 9 we could, on account of the continuity of ~,, mark off a 
neighborhood of p throughout which «, does not vanish, and throughout which 
therefore by theorem I 


= cu, 


Since at pu, + 0 and w,=0 we must have c= 0, but this would make w, 
vanish throughout the neighborhood of p, and this is contrary to hypothesis. 

PEANO deduces the following theorem in the case of two functions. This 
theorem includes as a special case the theorem to which theorem III reduces 
when /; = 1, and appears at first sight to go beyond it. 

Peano’s First Tueorem. Let u, and u, be functions of x which at every 
point of I have finite first derivatives, while U5 Mey U5 Me do not all vanish 
at any point of I; then if 


= 


u, and u, are linearly dependent. 


* See, besides the notes in Mathesis referred to at the beginning of this article, a paper by 
PEANO: Rendiconti della Accademia dei Lincei, ser. 5, vol. 6, 1° sem. (1897), p. 413. 


| 
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The truth of this theorem will be established, and at the same time it will be 
proved that it covers no case which is not also covered by the special case ik = 
of theorem III, if we can show that either there is no point of J where wu, and 
u, both vanish, or there is no point of J where ~, and uw; both vanish. Assume 
then that there is a point where ~, and w) both vanish. Here we distinguish 
between tw» cases: 

(a) u,=90. Here v, =) = 0 at every point of 7, and therefore there can 

(2) wu, is not identically zero. Then there exists a point p in J at which 


be no point in where 7, = 


u, =u,=0, but in whose every neighborhood lie points where wu, + 0. 
Therefore by the above lemma «,(p)= 0. We must therefore have w/(p) + 0. 
Accordingly there exists an ¢€ such that throughout the interval p<#* <p-+e, 
and also throughout the interval p> «> p—e, wu, does not vanish. Let us 
choose that one of these intervals in which lie points where u,+0. By the- 
orem I we have at every point of this interval, and therefore on account of the 
continuity of wu 


, and w, also at p, 


CU, 
where ¢ + 0 as otherwise , would vanish at every point of this interval. From 
this last equation we infer that 


“ul p) = cu 


Therefore since «/(p) = 9 and ¢ + 0 we get w/(p)=9. We are thus led toa 
contradiction, and therefore the case (4) cannot occur. 

PEANO’s SECOND THEOREM. Let Urs be functions of which at 
every point ofl have finite derivatives of the Jirst n—1 orders, ahile the 
Wronskians of these functions tuken n — 1 at a time donot all vanish at any 
point of then if the Wronskian of U, vanishes identically 
Wig Mag are linearly dependent. 

We will establish this theorem, and at the same time show that it covers no 
case which is not also covered by the fundamental theorem II, by proving that 
there must be one of the Wronskians WW, W,.*--, IW, (to use the notation em- 
ployed in the proof of theorem II) which does not vanish at any point of the 
interval 7. Suppose each of these WW’s vanished in J. They cannot all vanish 
identically. Suppose that W, is one of those which does not vanish identically. 
Then there exists a point p at which W, = 0 but in whose every neighborhood 
lie points where W, + 0. 

Now by the reasoning used in the proof of theorem II we see that: 


Therefore, by our lemma, W, vanishes at p(i=1, 2, ---,~—1) and this is 
contrary to hypothesis since W, also vanishes at p. 


+f 
4 
| 
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$0. A Theorem concerning Wronskians. 


I have now completed what I have to say on the subject of linear dependence. 
There remains however a theorem concerning Wronskians which I have found 
useful in the course of my work, although in the form which I have finally given 
to this paper no use has been made of it. 

Before stating this theorem we will first establish two lemmas which we shall 
use in its proof. 

Consider a matrix .V/ of n+ m rows and x columns. Denote by D. the n- 

red determinant obtained from V/ by striking out all of its m + 1 last rows 
ex -pt the (xn — 1+ %)th row. Denote by J’ the matrix obtained from W by 
strik ng out its last m+ 1 rows. Denote by A, the (x — 1)-rowed determinant 
obtained from WZ’ by striking out its ‘-th column. 

Lemma l. Jf D, = D,=---=D,,.,=9, and if A,, A,,---, A, are not 
all zero, then all the n-rowed determinants of M are zero. 

For denoting the element of J/ which stands in the i-th row and j-th column 
by a,,, we have: 


a,A,— 


and these form a set of » + m homogeneous linear equations satisfied by the 
n A’s which by hypothesis are not all zero. 

Lemma II. Letu,,u,,---, u, be functions of x which at every point of I 
have finite derivatives of the first k orders (k=n), while their Wronskian 


vanishes identically ; then, except at points where the Wronskian of u,.u 


i? 


is zero, all the n-rowed determinants of the matrix: 
= 
u. u 
u 


are zero. 

We first prove this lemma in the case = x. Here the determinant ob- 
tained from the above matrix by striking out the next to the last row is simply 
the derivative of the Wronskian of u,, u,,---, u,, and therefore also vanishes 
identically. The truth of our lemma thus follows at once from lemma I. 

In order to prove the lemma in the general case we use the method of mathe- 
matical induction, and assume that the lemma has been proved when / = /, — 1. 
We wish to prove that the lemma also holds when 4 = /,. Let us denote by 
M the above matrix when /: has the value /,, and by .V the matrix obtained 


from MM by striking out its last row; and let p be any point of Z where the 


| 
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Wronskian of u,, “,, «++, “,_, does not vanish. If then we can prove that the 


determinant : 


u 


vanishes at p, it will follow at once from lemma I that all the n-rowed deter- 
minants of .V/ vanish at p, since this is true of all the »-rowed determinants of 
NV. In order to prove that J vanishes at p let us consider the (4, — » + 1)-th 
derivative of the Wronskian of u,, u,,---,,. This derivative will of course 
vanish identically. If we compute its value we find that it consists of the sum 
of a number of n-rowed determinants of which D is one while the others are all 
determinants of the matrix .V, and therefore vanish at p. Thus we see that D 
vanishes at p, and our lemma is proved. 

TueoreM VIII. Letu,,u,, ---, u,., be functions of x which at every point 
of I have continuous derivatives of the first n orders s then if the Wronskian 


Uy, «++, vanishes identically the Wronskian of will 


of 


vanish identically. 


Denote by .V the matrix obtained from the Wronskian 


uf 

l 2 l 
uu. 

W l 2 l 
? 


by striking out the last column. Then lemma II tells us that all the n- 
rowed determinants of 7 vanish except at the points where the Wronskians 
A,,A,, of the functions u,, u,, ---, taken — 1 at a time all vanish. 
Accordingly W=0 except at these points. Let p be any such point of J. 

ur theorem will be proved if we can show th: ” vanishes at p. 
Our tl ll 1 1 if ean sl that JJ ] t 7 

We must distinguish two cases : 

a + were do not all vanish identically throughout the neighborhoox 

(a) 4,4 Ad t all h identically tl ghout tl ghborhood 
of p. ‘There are therefore points in every neighborhood of p where the A’s are 
not all zero, and where therefore JV = 0; accordingly W must also vanish at 
p since it is a continuous function of «.* 

(4) The A’s all vanish identically throughout the neighborhood of ». Before 

J 5 5 / 


* This is the only point in the proof where use is made of the assumption that the nth deriva- 
tives of the u’s are continuous. Would not the theorem still be true without this assumption ? 
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proving in general that W=0 for points of class (4) we will prove it in the 
simple case n= 2. Here we have two A’s: A, =u,,A,=1,. Since these 
vanish identically in the neighborhood of p all the elements of the first two 
columns of W vanish at p, and therefore W vanishes at p. 

We will now complete our proof by the method of mathematical induction by 
assuming that the theorem has been proved when we have less than » + 1 fune- 
tions. Since each of the A’s is the Wronskian of » — 1 of the functions wu, , w,, 

-, u, it follows that throughout the neighborhood of p the Wronskian of any 
n of the n + 1 functions w,, v,,---, ,., must vanish. Accordingly W also 


vanishes at p, as we see by expanding it according to the elements of its last row. 


RAPALLO, ITALY, December 9, 1900. 


f 


AN ELEMENTARY PROOF OF A THEOREM OF STURM* 


BY 


MAXIME BOCHER 


We shall have to deal with two real solutions y, and y, of the differential equa- 
tion : 
Py dy 
+p +qy= 0 


where p and ¢ are throughout an interval « =. = real and continuous functions 
of the real variable #.+ One of the most important of SturRM’s results (Liou- 
ville’s Journal, vol. 1 (1836), p. 106) is that, if y, and y, are linearly in- 
dependent, between two successive roots of one lies one and only one root of the 
other. 

The following generalization is (implicitly at least) contained in StuRM’s paper, 
and from it what I have called Sturm’s theorems of comparison for a single 
equation ¢ follow at once. It is my object in the present note to prove this 
theorem by a simple and elementary method which makes use only of a single 
property of y, and y,, namely that a necessary and sufficient condition for their 
linear dependence is that y,y; — y,y; should vanish at some point of the interval 
ab.§ 

The theorem in question may be stated as follows, and when it is so stated 
the method of proof is at once suggested : 

Suppose that Y vanishes neither at a nor at b., and that Yos if it does not 


vanish ata, satisfies the relation : 


y la) 


¥.(@) 


and, if it does not vanish at h, satisfies the relation: 


* Presented to the Society February 23, 1901. Received for publication January 14, 1901. 

Tt We may, if we wish, allow p and q to have a finite number of discontinuities in this interval, 
provided that in the neighborhood of each discontinuity p and q remain finite, or, if they become 
infinite, do so in such a way that |p| and |q| can be integrated up to these points. See Bulletin 
of the American Mathematical Society, March, 1899, p. 276. 

t Bulletin ofthe American Mathematical Society, May, 1898, pp. 366-367. 

§ In a slightly different form I applied this method four years ago to the simple case stated 
above. See Bulletin of the American Mathematical Society, March, 1897, p. 210. 
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y(b) _ 
ys(b) ~ y,(b)’ 


and finally that y, does not vanish in the interval a <x <b; then y, vanishes 
once and only once in this interval.* 
We first prove that y, must vanish at least once. For if it did not the funce- 
tion : 
}(x) = 
Y,(*) 


would be continuous throughout the interval a<2<b. Moreover if y,(a) + 0 
we have f(a)> 0, if y{a@) = 0 we have f(a)= + o. In any case therefore 
J(x) is positive in the neighborhood of a. In the same way we see that f(x) is 
negative in the neighborhood of 6. Accordingly f(x) must vanish at some point 
between a and 6. Therefore at this point: 


YYo— Yy, =9, 


and hence y, and y, are linearly dependent. This however is clearly not the case. 

If now y, vanished more than once in the interval a <2 <b, let =a and 
«= £8 be two successive points in this interval where y,=0. Then, inter- 
changing y, and y,, and applying the part of the theorem we have proved to 
the interval a <a < £8, we see that y, vanishes at least once between a and f, 
and this is contrary to hypothesis. 


RAPALLO, ITALY, December 31, 1900. 


* If y,.(a) —y,(b) —0 this theorem reduces to the simple theorem stated above. 


Trans. Am. Math. Soc. 11 
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ON THE DETERMINATION OF SURFACES CAPABLE OF 
CONFORMAL REPRESENTATION UPON THE PLANE IN SUCH A 
MANNER THAT GEODETIC LINES ARE REPRESENTED BY 
ALGEBRAIC CURVES* 


BY 


HENRY FREEMAN STECKER 


Introduction. 


BettTramMti has shown f that surfaces of constant curvature can be built upon the 
plane in such a manner that the geodetic lines shall go over into straight lines, 
and that this result is true for no other surface. He considered this as the 
simplest case of building one surface upon another in such a manner that the 
geodetic lines of one surface shall go over into the geodetic lines of the other. 
The general question was later solved by Dini. ¢ It is an immediate consequence 
of BELTRAMI’s memoirs that surfaces of constant curvature are the only surfaces 
that can be built conformally upon the plane in such a manner that the geodetic 
lines shall go over into straight lines or ares of circles.§ This latter fact sug- 
gests a generalization of BELTRAMI’s problem different from the one which he had 
in mind, i. e., to so build a surface conformally upon the plane in such a manner 
that the geodetic lines shall go over into algebraic curves. It is proposed to con- 
sider that question. 


$1, 


We consider a doubly infinite system of algebraic curves in the plane : 


(1) Pie, y)+ AF 


where A and P are the parameters of the system. 
We think of the surface as given by 


x, = Vv) (é= 4, $3), 


* Presented to the Society February 23, 1901. Received for publication November 20, 1900. 

tAnnali di Matematica, vol. 7, 1866. 

tAnnali di Matematica, ser. 2, vol. 3, 1870. 

§ For an independent proof of this proposition see F. BussE, Inaugural Dissertation, Berlin, 
1896. 
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where uw and » are rectangular surface codrdinates, i. e., such that the systems of 
curves 4 = const., vy = const., intersect orthogonally. 
Let the relation between the surface and the plane be given by 


y=vi(e, v). 


Then we write f(u, v) for F’(wW,, w,) and equation (1) becomes 
(2) v) + v) + =9, 


and from this we find: 


(3) ¥) + v) + BH, = 9, 
(4) ¥) + v) + Bu, v) =9, 
where 
Of (pm, v) Of (m, v) 
Ch 
(ys, we ) es 4 AM ) Tv? 
cv 
Of 
+ AF ) + Pv. 
Cp CV 
From (2), (3) and (4) we obtain 
We write 
Of, of, Of, Of. Of. 


Making use of these abbreviations, substituting for 7; and f.’ their values, and 


expanding in terms of the first row, we have from equation (5) : 


n, dp + p> m,Av" 2m,,dudv + n, + nv 
Ji 
nde +n dv + + 2m,.dudv + + 
+ m,,dv? + 2m,.dudv + n Pu + 
ny de +n, dv + m,,dv* + 2m,,dudv + + 
+J, =0, 


or 


n, dp + n,,dv 


F,9 (23) — f,0 (18) + 7,0(12) = 0, 


+ m,,dv* + 2m,.dudv + + 
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where 
Moy Ny My Ny My Ne Nos 
6(23) = dp? + dyudv* + 2 dp?dv + dpd*v 
Ns Mz, Na Ng Nag 
+ + dv + 2 dpdv® + dvd*p , 


with corresponding expressions for 0(13), 0(12). Adding like terms, we have 


for terms in dy’: 


nm n,m 
| v) — + v) dp’, 
or 
My my 
3 
(6) v) m,, dp’. 
V) My 


And we easily see that we have like determinants for the coefficients of the other 
terms. Indeed if we write [11] for the coefficient of du’, our differential equa- 
tion is: 
[11] dp’ + + {2[13] + [21] }dp*dv + {2[23] + [12]} dyudv* 
(7) 
+ A(dyud*v — drd*p)=0, 
where A is the determinant | /\7,,7., 


For shortness we write equation (7) in the form : 


(8) + adv + + adpudv’ + a,dud*v — = 0. 


S 


The geodetic lines of our surface are given by the differential equation : 


IK 
op Op 


~ yy 


E 
+| 
Ov 


(3 

ov 


we are to compare this with equation (8). 


"dv —1E 


1G 
27 Ou 


(9) 
| dudv’ + E'G(dud’v — dvd*p) = 0; 


This comparison gives the following 
system of partial differential equations : 


,0 G 0 E 0G 
E x — AG -— = Ad,, G 4 = —4,, 
Op ov a ov 
(10) 
0G , 
1G 4} FG=Ma,. 
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Fromfthis system we eliminate X by means of the last equation and obtain : 


0G 0 OF 0G 
E = = G = — a — 
= a, ov cv a, 
(11) 
0G a 0 
LG = EG, 1E =— 
2 Op a, 2°" Ov a, 
From these we have: 
G Olog Fa, 
Op - Op a, 
log 0 loge G a, 
CV Cv a. 
(12) 
log E a, G 
3. ——— = 
ov 
4 * E 
‘ a,G 
Integrating 1 and 2 we hav 
4. log G— log F=log F,+ log V,, 
(13) 
2. =—J log G=— log F, + log U,, 

where = and U, is a function of w only and V, of » 
only. Ther 7) gives 

G 
(14) 
E 
2. 


Squaring each of these equations and multiplying it by the other we find 


1. E= U+ViF 
(15) 
2, G = UIVIF IF 53. 


From these last two equations we have the following values: 


FE 
UIV 
Op U, dp 3 a, 3 
8. log E 1 dV, 4 a, ‘ log 
ov SV, ov 3a 3 - 
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We substitute these values in equations (3) and (4) of the system (12) and 
obtain : 


(17) dU, [2 a, 0Olog F, 


a 
dp a, Op 
dV, 
dv 


The integrals of these are: 


, F 
ov a, 


(19) ad 

U3 72 7 

2. 2F iF + U,), 
where 


a "a 


and U, and V, are functions of » only and of v only respectively. 

These equations are sufficient to say whether or not a solution exists and to 
find such solutions if they do exist. It is proposed to illustrate this by an ex- 
ample (pp. 156-159) before going farther with the general theory. 

ExampPLe. We take f,=/,(v) , a function of v only; also 

=p'v", flu, v)=p'r®. 
Then after some calculation we find the following values : 
a,=0, 


a, = + 1)(8 — m) f(r), 


dv 


B ( 2 1 9 df (v) 
(20) a, = n(B — m)(m + B—1)f,(v) — 2n(8 — m)v 


a,= pny? — EZ v) — (8 +m— 1) 


dv 


a, = — m) V). 


From these we find: 


a, n+ 1 
a, m+B—1 1 dfiv) 
a £(v) dv’ 
(21) 5 
a, 
ad, 0, 
a, pl Bm 1 1 df{v) 1 
~ | (8 + m—1) vf{v) dv £(0) dv A») 
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a. du 
2 ] = 1 = ] La a+) 
ft bee 
f2 dv = fo + B—1) 2 fa log f,(v)dv = log Fi) 
Therefore 
yn+B-1 
== n+l == = 0 
F,= | F-*dp = — = 
ad. ad alt” 


Introducing these values into (19) we have: 


O(v)u-*" + 2n? V, 


92 


4(m+B 


This requires either 
(a) 


Case (a). If V,= K@(v), then we find : 


V, = KO) 


(K =constant), 


or 


Av) =0. 


U3 = api*TU,, 
which require that 

therefore 

U, 


=> [2n? + 1}? 
And for V, we find: 


Vim 


These require that : 


m+ B—1) 


a 


A(v) = 


Taking a’ = X’, as we may do, and restoring the value of @(v) we have the fol- 


lowing differential equation to determine /,(v) : 


| 157 
(22) 
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df,(v) —2¢ 2m-+B—-1¢—3 
(23) (8 +m— 1)" dy + Bmv = 
Before solving this differential equation we consider case (b). If 0(v) = 0 
we find : 
Us = 
Us = 


giving 
also 
V3 = V,, 
Vi = a’ , 
giving 
V a’ 


And f,(v) is given by 


df-(v) Bm 


+ S{v) = 9. 


dv" 


(24) —(8+m—1)r 


dv 
It remains then to see if f,(v) can be determined algebraically. 

Since equation (24) is (23) with its right hand number put equal to zero we 
can consider them together. 


We put 


yee’, f(v)me * 2, 


After some reduction equations (23) and (24) reduce to the forms: 


dé (m — By 


OF 

(m — BY 

IG on 

(26) 4 


We consider the latter and simpler case first. 
It gives: 
6= (m + 4c. 
Hence 


| 
J By + 4c 


Therefore 
E m — + 2(m — B)/(m > 4c, 
Uv = log 
2(m — — — f \/(m + 4c, 


1 
+ log c,. 


| 
= 
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m-—-B 
Remembering that # = log v and that z = f,(v)'v = , we find after some reduc- 


tion : 
4ev" +B 


m — 1} 


= 


= 
and for the equation of the curve: 


(m — B){(v™-8 — + Byu'v®)? — dev"? = 0. 
Hence 
V, m—B)—1 2c,v" B-—1 + (é 
U, = Ky ert) (K, and K, constant) ; 
these give: 
= pu 


where Pp and q are constant. 
In regard to the other integral : 


Q22dz 
-{ 


it appears that in order to keep the exponents rational and the coefficients real 
it is necessary to take c= 0. 
Then we-find finally : 
= 9 — By’ 


where £ is constant, and the curve is given by the equation : 


+ = 2K(m — + 


To revert to the general theory, we may say that if a solution exists, the right 
hand member of equation 1 of (19) must be of the form 
@O(v) 
O(n)’ 
and then 
Vis KOv), 
The functions y,(u, v) and y,(u, v) are given by the equations: 


Fv Ate”) Ae») 


Since we desire a conformal representation we shall take 
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But it is plain that by such a choice certain conditions are imposed by equations 
(19) and we proceed to consider those conditions. 


Calculation of V, and 


If we represent the right hand members (19) by #2 and S respectively, then 
we must have : 


RS=1, 
flog R 
(27) 2. 
2 log S 
3 @ 
Opov 


9 \ 
(28) 4 
Considering the last term of this equation we find 


Blog (F,+V,) 2 


Opov OVE. + Vi 
oF a, a. a. a. a, 
since 
OF, a, 7_9 7 r 
= and 4f + (f,+ U,)=1. 
Ou a, 2 
Whence from (28) we find : 
| 
2 ‘ — a, + 
Souda, * ova, a, a, 
(29) 2F>*(F,+ U,) = 
a, a Coa 
aa ova 


and from 3 of (27) we find in like manner: 


da, a, a, 
30 3 Ou a, Ov a, a, a, 
+ V,) = a, a 0a 
Opa, 


If we represent the right hand members of (29) and (30) by A, and A, respec- 


tively, then equations (19) become : 


3, 
From the second of these we find: 
4 ») 
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Vi 

U; = 
(31) 

727,73 

pia 


Partial differential equations satisfic d by f(p, v). 
As a first condition we have 


AA, =1. 


Differentiating (29) with respect to v, and using (19) we have 


a cA a 
2 3 4 OF A: 
or 
oA a a 
1 9 “s 
A, = 2 
Ov a a. 


and in like manner from (30) we find 


cA, 5) a, a, 
a, * a. 


Hence we have the system : 


AA wi, 
oA a, a 
(32) 2— A, =2 
OV a, a. 
9% 
an a, * a, 


These are the necessary, and, as is easily seen, sufficient conditions to impose 
upon f,(“, v) in order that a solution may exist for the rectangular coordinate 
system (u,v). 


We consider next a somewhat general solution of our problem. We have 
written 


J 4, 


a Ca 
du=logF,,  dv=lg F,. 
5 


We consider one case where these integrals actually yield logarithms, i. e., 0a, eu 
= ra, and da,/2v = aa,. To simplify the expressions for a, we divide equation 


4, 
| 
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(2) through by v) and then consider = 1, I; This 
amounts to putting /, = 1 in our formulas. We find: 


ah, Of, Of, af, a 
Om dv ov Om ov 
Of, Of, Fs | Of, os 
Op Op? Ov ov" Op Ov 
of, Ff, of, De of, Pf, of, 2 
Om Ov Op Ov Opov Om Ov 
a,=2 + a= 2 + 
of, oss Of, Of; of, of, 
Om = Ov Ov Opdv Op 


The case to be considered is found by taking 2°f,/2udv = 0 and 0°f,/dpdv = 0, 
that is, f, = + ¢,(v) and = + ¥(v). Then we shall have: 


a, = — (4), 
a,= $,(v) — 
a, = $,(v) — 
a, = $,(#) — 


Hence 
a, 
(41) dv = log — 
Therefore 
Hence 


$v) | | $%(u) 
F, - {2 Fi dv=a, a,dv = 


In order to separate the variables it is necessary that either 


(a) or (b) 6,0) =¥.0), 


| 
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and since the equations and expressions are symmetrical in 4 and vy it will only 
be necessary to consider case (a) and afterwards interchange w and vy in the 
result. 
First of all we have: 
1 1 


= — $5(r)}, 


Then from (19) we have: 
1 h(n) — 2U, 
(42) V, — 4.0) 
— 


As V, must vanish and U, = $/'(u)/4¢(u), we find 


Also 


or, if we write « for y,(v) and y for ¢/(v) , 
dy dx 
Put « — y = g and our differential equation is: 


7 
da aq 


or 
d 
dv q 
Therefore 
= = ¥,(v) — $,(v) + ¢; 
hence 


— 


and integrating this we have: 


2 [y,(r) $,(v)]? + [y,(v) + ¢,(v) | + Cys 


vv) — + 


bv) | 

| 

i 

| | 
| 
| 

| 


164 H. F. STECKER: GEODETIC LINES [April 


Remembering that ¢,(v) = /,(v)/f,(v) and ¢(u) = we have, after some 
reduction : 


BBL (Y) + LOS UY) 
(43) 
= + (4+ BLAMLO) 


for the equation of our curve. Here the /, of w and of v are any algebraic 
Junctions whatever. As mentioned above we find a solution for case (b) by in- 


terchanging and in (43). 


§ 6. 
Conditions for the equality of E and G. 


The work thus far is for /’ = 0, i. e., « and v are rectangular surface codrdi- 
nates. It remains to consider the case H = (. 

From our system of partial differential equations (10) we find that a, must be 
equal to a, and a,toa,. It remains to consider the system of equations (32) 
which were the necessary and sufficient conditions to impose on the f(, v). 
First we consider the values of /’,and /’,. We recall that 


Fi=| —-*F-"*dp, F,= F>7dv, 
3 a. l a. 2 
e 
log | dp log F = | dp 
> 
Hence also 
ad CV a. 
We have then 


OF 
dps | — dv =1F-*. 


a. 


a. 


5 


‘ 4 2 Ov 2 


Hence the right hand members of (29) and (30) become respectively , 


3 
4! a, “4 a, 
2 + 277° U0, =A, = — 
a 4 a, a, 9 Coa 
a, a, ~ Oy a, 


Faw | | — 
ad. 
Also 
\ 
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0a 0 a, a, a 
V. 9F?V.=A cua cv a, a. a 
4— +2. 
a a. Cha 
We consider the first of equations (3), i. e., A.A,=1. 
We write 
1 ¢— c— 2b 
and also 
A 4a—2h+e 2(a + b) 
c+ 2a c+ 2a 
Therefore 
AA 4(a + b) 
— 9} 9 et? ec — Yh 
c— 2b c+ 2a (¢ + =a)( 20) 


=1+4 


=1+ 


2(a + d) 
(c+ 2a)(e — 2b 


[e+ 2a—e+ 2b — + b)| 


(a + 5) 


(c + 2a)(e — 2b) 


Hence we must have « + 6 = 0 and therefore 


Hence A, = 1 and A,=1. 
and we may conclude that 


Then the other two equations of (32) are satisfied 


a, = a, 
a,= a, 
(44) 


a, 
pa, 
are the necessary and sufficient conditions that L = G. 

The next question will be the study of these surfaces, their existence and prop- 
erties. In particular I have already finished part of the work for the curve 
= ax’ + be? + +d, i.e., for surfaces whose geodetic lines go into cubics 
upon the plane by a conformal transformation. The straight line and circle lead 
to the surfaces of constant curvature with their interesting properties. Here is 
a much wider and more interesting field. 

GOTTINGEN, November 3, 1900. 
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ON THE EXISTENCE OF A MINIMUM OF THE INTEGRAL 


| 
F (x, Ys y')dx 
e 


WHEN AND ARE CONJUGATE POINTS, 
AND THE GEODESICS ON AN ELLIPSOID OF REVOLUTION: 
A REVISION OF A THEOREM OF KNESER’S* 


BY 
W. F. OSGOOD 


Ina paper entitled Zur Vuriationsrechnung KNESER enunciates the theorem + 
that the integral 


ln F(x, y, y')de 


ceases to be a minimum, not only when the interval (x,, 2,) contains a point #’ 
conjugate ¢ to x,, but when 2, coincides with x’. This theorem is true in gen- 
eral, but not in all cases, and it is the object of this paper to correct and extend 
the theorem and to give a complete solution of the problem that KNESER pro- 
posed to himself. The geodesics on an ellipsoid of revolution afford an example 
of a case in which the theorem as enunciated by KNESER is not correct. 

The methods and results of this paper admit of extension to multiple integrals. 

The contents are as follows: §§ 1, 2 are introductory; $3 gives an account 
of KNEsER’s memoir and obtains his results in a simple manner; $$ 4—6 contain 
the new material of the paper. 


$1. Necessary Conditions. 
A necessary condition that the integral 7 be made a minimum by the function 
y is that y satisfy LAGRANGE’s equation 


* Presented to the Society December 28, 1900. Received for publication January 30, 1901. 

t Mathematische Annalen, vol. 50 (1897), p. 50. Cf. also $6 of this paper. This 
theorem had however been stated and proved for the general case twenty years earlier by ERD- 
MANN: Zeitschrift fiir Mathematik und Physik, vol. 22 (1877), p. 324, who showed 
that, when dy = (in the notation of the present paper) the second variation of the in- 
tegral I vanishes while 


O37 — Fy'y Gy (2x’, Yo) Yo)s 


and this is not in general zero. For this reference I am indebted to Professor BoLZA. 
t The meaning of the word conjugate will appear below, 2 3. 
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(1) ete.) 


or 


and furthermore fulfill the 


Y(%) 
where y,, y, are fixed quantities.* Here the function F(x, y, p), regarded as 
a function of the three independent variables (7, 7, p), is to be continuous, to- 
gether with its partial derivatives of the first and second orders, throughout a 
region 2: 


A,<y<B,, A,<p<B,, 


and A,=2,<2,=8,. For simplicity we will assume A, = —o, B,= 4a, 
mg require that F’, WA®s Ys P) shall vanish at no point of R. The function 
will, then, not change sign in 
"The functions y admitted to consideration are single valued and continuous 


throughout the interval x,=a2 =~, and assume the prescribed boundary values, 


and they have a first habeation which, at least within the interval 7, <# <z2,, 
is finite and continuous. 

We will denote with KNesER + any solution of (1), or the curve that repre- 
sents such a function, as an extremal. 


$2. Sufficient Conditions.t 
WEIERSTRASS’S sufficient condition that such a function y , represented by a 
eurve C’, actually makes 7 a minimum consists (@) in the existence of a field of 
extremals surrounding C’, and in the relation F’,,,,(7, y, p) > 0, where 
(x, y) is any point of C and p may have any value. The notion of the field 
was first published by Scowarz.§ That which is essential may be embraced in 
the following requirements : : 


* We confine — for simplicity to the case of integrals with fixed limits ; but the method 
here set forth applies equally well to integrals with variable limits. In fact, one of the first ex- 
amples that I formed was the following. Reversing the usual order of the processes, I started 
with the envelope, which I assumed as the semicubical parabola y? = 2°, and took then as ex- 
tremals the right lines that envelop it. I then constructed a problem of the calculus of varia- 
tions, of which these elements afford the solution and which, since the above family of right 
lines is cut orthogunally by a certain parabola P (y? = axr+ 3), may be formulated as follows : 
To find the shortest line that can be drawn from the point x=0, y= 0 to the parabola P. 

t Lehrbuch der Variationsrechnung, Braunschweig, 1900, p. 24. 

{ For an exposition of WEIERSTRASS'Ss sufficient condition for a minimum, together with 
KNESER’s and HILBERT’s proofs of its validity, cf. an article by the writer, Annals of Math- 
ematics, ser. 2, vol. 2, no 3 (1901), p. 105 

§ Festschrift on the occasion of WEIERSTRASS’S seventieth birthday : Ueber ein die Flichen 
kleinsten Inhalts betreffendes Problem der Variationsrechnung, Acta soc. sci. Fennicae, vol. 
15 (1885), p. 315 = Werke, vol. 1, p. 223. Cf. also KNESER, Variationsrechnung, chap. 3 

Trans. Am. Math. Soc. 12 
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(1) Through each point (, y) of the neighborhood S of the extremal C 


there passes one and only one extremal 


y= 

y being a parameter. The function ¢, regarded as a function of the 
two independent variables (#, y), is together with its partial deriva- 
tives = >, $,, $,, = continuous at each point (x, y) correspond- 
ing to an interior point (x, y) of S; and ¢’(x, y) remains finite 
throughout that part of the neighborhoods of (x,, y,), (#,, y,) that is 
bounded by any two curves of the class admitted to consideration in 
$1. The equation of C is y= (x, ¥,). 

(2) The function +9, when <2 <2. 

By the “neighborhood ” of the extremal C’ is meant the interior of a strip 
S of the xy-plane bounded by the lines y=O(v%, %)+€; 
y¥=(x, y%)—€, Where € is a positive constant, together with the points 
(ys 

The definition of the field here given is broader than the one employed by 
KNESER in his treatise or the one that I used in the paper above referred to. 
Both KNeseEr’s and HiLBert’s proofs for WErERSTRASS’s sufficient condition, 
given in the latter article, can be extended without difficulty to the present case. 
Thus, in the case of HILBERT’s proof, it is sufficient to show that the value of 
the integral 


where x, }” are the codrdinates of a point of an arbitrary curve C’ lying in the 


field, and where 
y= O(r,7), 7), 


is independent of C’, i. e., is the same for any two such curves, C,, C,, and 
this can be proved as follows. Let the values of J for C, and C, be denoted 


respectively by J, and /,, and suppose 


J,—J,xh>0. 


Let (x’, y’) and (x, y”) be two points of C, chosen respectively arbitrarily near 


to the points («,, y,) and (#,, y,); and let C’ be a curve connecting (’, y’) 


and (x”, y”) and coinciding throughout the greater part of its extent with C,. 
More precisely, let curves c’ and c” be drawn respectively from (a’, y’) and 
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y") tangent to C, and meeting C, at points that lie near to y’) and 
(x", y") respectively, and let c’ and c” be so chosen that the curve C’’, con- 
sisting of c’, c’ and the part of C, lying between the points of tangency of c¢ 
and ¢”, will be a curve of the class admitted to consideration, $1. Denote the 
values of J taken along C, from y’) to y”) and along respectively 
by J/ and J’. Then 
Ji -JS'=9%. 

For, all of the conditions of the lemma on which H1LpBert’s proof rests are ful- 
filled for the interval o’ =v2=2”". Now it is clear that, by a proper choice of 
and J’ ean be 


the points 7’), y”) and the curves c’, c’, the integrals 


made to differ respectively from J, and J, by quantities each numerically less 
than 3. For, though the function y = ¢(«, y) may become infinite in the 
neighborhood of the point (2, y,), still it is possible to cut out from SN an angle 
bounded by the lines y — y, =+A(# —.,), where 2 is an arbitrarily chosen 
constant, within which ¢(.r, 7) remains finite and from which the curves a 
C,, C’ never emerge; and since a similar remark applies to the neighborhood 
of the point (,, y,), this is sufficient for the proof. Hence the supposition that 
h> 0 leads to a contradiction, and 
J, = J,. 
§ 3. Aneser’s Investigation.* 

KNESER’S results may be briefly obtained as follows. Let there exist an ex. 
tremal C’ connecting the points (a,, y,) and (.Y,, ¥). Consider the integral 
I formed for an arbitrary value of «, between #, and .X,, the point (.,, y,) lying 
on C’. Further assume 

(1) That through the point (#,, y,) and each point (#, 7) of that part of the 
(i. 


neighborhood of y,) for which > 


) 0 


¥ — ¥,| <#), one and only one extremal y = ¢$(#, 7) passes and that 
y= (“, ¥,) coincides with C. The function (2, y), regarded as 
a function of the two independent variables (w , y), shall, together with 
its partial derivatives = $,, = be continuous at each of 
the points (# , y) corresponding to points (, y) of the above neighbor- 
hood ; and furthermore at the points (0, y) of the region 
SX, 
and $'(2, y) shall remain finite throughout that part of the neigh- 
borhood of (.“,, y,) bounded by any two curves of the class considered 
in $1. 
the = 
P(e, %) when 


*Mathematische Annalen, loc. cit. 
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Since all the extremals y = ¢(x, y) go through the point (#,, y,) it follows 
that = 9. 

When 2, <2’, a field exists about the extremal C, as is readily proved 
by the ordinary methods of analysis. We will assume once for all that 
FE’, (x, Ys p) is positive, and hence the integral / is a minimum. 


y 


“When v,=2', « is called the conjugate point of x,, and it is the study of 
this case to which KNeseR’s paper is devoted. It is desirable to distinguish 
three cases. We will assume that (a, y) exists and is continuous throughout 
the neighborhood of the point (2’, ¥,). 

Case J. $,, y,) +0. This is the general case. 

Casell. =9, \y—y| <6. 

Case III. $,, (25 %) = 0, (2's ¥) + 0. 

Cases I and II are considered by Keser and his results are as: follows. In 
Case I the extremals y = 6(x, 7) have an envelope + which passes through the 
point a’, y’ = (x’, y,) and this point is an ordinary point of the envelope. 
The proof may be based on Drn1’s existence theorem for implicit functions of 
real variables,t according to which the equation 

0= (x, Y) 
can be solved for y in the neighborhood of the point (x’, y,). The function 
y= 

thus defined is single valued in the neighborhood of the point a’ and it hasa 
continuous derivative throughout this region, given by the formula 

dy (x Y) 

du 
Moreover, the pairs of values (a, y = W(2)) are the only pairs of values (x, 7) 
in the neighborhood of the point («’, y,) which cause $,(7, y) to vanish. 

The equation of the envelope is 

Its slope is given by the formula 
dx 


*The details of the proof are given in a similar case in the writer’s paper, Annals of 


Mathematics, loc. cit., § 2. 

+ That this in general is the case is essentially JAcoBI’s criterion. The introduction of suffi- 
cient restrictions so that one is able to prove that, in the problem thus restricted, an envelope 
does exist which has an ordinary point at (x’, y,), is characteristic of the progress of analysis 
since Jacobi’s time. 

t Cf. bEANO-GENOCCHI, Calcolo differenziale, etc., § 110, or JORDAN, Cours d’ Analyse, vol. 1, 
2d ed., p. 80. KNESER uses the method of power series. 


! 
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Thus in Case I an envelope in the proper sense of the term exists, and it 
enters the interval (x,, x’). This fact is the essential characteristic for Case I. 
It can now be shown that, when x», =’, JZ ceases to be a minimum. Let 


P =x”, y’) be an arbitrary point of the envelope lying in the neighborhood of 


A 


B= B 7) and let x” <a’. Then the value of J taken from A to B along 
C is the same as its value taken first along the extremal A/ and then along the 
envelope from P to B. The proof of this theorem is readily deduced from 
the analysis by which Wetersrrass’s sufficient condition is established.* Thus 
the function f(s) (loc. cit., $3) formed for the curve C consisting of APB is 
easily shown to be constant throughout the entire interval0=s=/. If we 
employ HiLBert’s method (loe. cit., § 5), the proof is still simpler. Let C’ be 
a curve connecting A with B’ and lying within the region bounded by C and the 
curve APB’. Then it follows, as in §2 of this article, that H1LBErRT’s integral J 
has the same value for C’ as for C. When C’ goes over continuously into 
APB’ , the integral J goes over continuously into this integral taken along 
APB’, and the proof is complete. 

Thus far it has only been shown that the integral J loses the minimum prop- 
erty, inasmuch as there are curves other than C lying in the neighborhood of C 


for which 7 has the same value asfor C’. By making use of the relation + 


%) #9, 


we can show that the envelope ? 2’ is not an extremal, and hence that there exist 
curves in the neighborhood of C for which J has a smaller value than for C. 
In fact, for the envelope, 
dy 
= xe, y) 


_ 1) 


(x + (2, Y)s 
YY 


and so the envelope does not satisfy LAGRANGE’S equation (1). 

In Case II no envelope in the proper sense of the term exists. All the ex- 
tremals y = $(x, for which y, — 6 < y < y, + 6 gothrough the point (2’, ’). 
The value of J taken along each of these extremals is the same, as can be shown 
by reasoning similar to that employed in Case I, and hence J ceases to be a 


*Cf. Annalsof Mathematics, kc. cit., §§ 3, 5. 
tT Cf. KNESER’S memoir, p. 40, formula (32). 
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minimum. If the function d(x, y) satisfies all of the conditions requisite for a 
field about the are AB’ of C with the one exception that through the point 
(x’, y’) more than one extremal passes, there will be no curve C in the neighbor- 
hood of C’ for which Z has a smaller value than for C. The great circles of a 
sphere, regarded as shortest lines on the sphere, are typical for this case, A and 


/ being two points situated diametrically opposite each other. 


§ 4. The Revision of Kneser’s Theorem. 

In Case III an envelope may exist which has a singular point (e. g., cusp) at 
B’ and does not enter the interval (x,, 2). This case KNESER appears to have 
overlooked. * All of the conditions laid down for a field in § 2 may be fulfilled, 
so that the integral J will still be a minimum, as is shown by the example of the 
following section. On the other hand, there are cases in which the conditions 
of Case III are fulfilled, but in which the envelope enters the region (x, , «’) 
and the reasoning employed in Case I to show that 7 ceases to be a minimum 
can be repeated. 

Let us, then, examine the possibilities which Case III presents with some de- 
tail. Denote the set of points («, y) lying in the neighborhood of B’, for which 


0 


by (£). The point B’ is a member of (2). We will distinguish two cases. 
(a) The set (£’) contains a point (#, y) for which w < 2’. 
(b) The set (£’) contains no such point. 

In case (@) the integral Z will cease to be a minimum whenever the points of 
(/’)—or some of these points —for which # =~’ lie on a curve which has a 
continuously turning tangent and goes through B’; which, furthermore, at each 
point of / in the neighborhood of LB’, is tangent to the extremal y = (x, 7) 
that passes through that point; and when lastly ¢,(~, y) + 0 at all points on 
the segment of each line parallel to the y-axis that lies between F and C’. For, 
the proof given in Case I applies here. . 

A sufficient condition for the existence of case (a) is that in the neighborhood 
of the point y = y,, the derivatives y), k= 1, 2, ---, exist; that 
$,:(#', Y,) vanishes when & <n, but does not vanish when / = 2; and that 
niseven. Case (a) may, however, exist when is odd. 

For, let $,,(2’, y,) > 9; even. Then the function y = $(’, y) is a min- 
imum when y= y,, and hence in the neighborhood of the point y = ¥,, 
h(x’, ¥) > (x, y,) both for values of y larger and for values of y smaller 
than y,. Now at any point (x, y) of C intermediate between A and J’, 
$(2%,%) #9, and if the curves y= (x,y) for which 


* Cf., however, below, § 6. 


4] 
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all lie below C at the point x = and hence cut between 


xand x’. The equation 


— %) % + —%)) = 0 
has a solution « = VY, < VY and y,+ O(y—y,)) isa point of (F). 


Thus for example if $(, y) is an analytic function of (#, y) in the neigh- 
borhood of (x’, y,) and if 


n being even, we shall certainly have case (7). But more than this: with the 
present restrictions on the function $(., y) we can infer that all the condi- 
tions named above are fulfilled which suffice that 7 cease to be a minimum. 
In fact, the equation 
0=4,(0,7) 

now defines a set of points (7) that may be grouped together so as to constitute 
a finite number of curves passing through /’ and not intersecting one another 
elsewhere in the neighborhood of 2B’. Through that part of the neighborhood 
of B’ for which x < x’ at least one of these curves will pass, and if we denote 
by £ that one of these curves that lies next to C’ (on either side), then ’ will 
satisfy all of the above requirements. For, it is possible to write ¢,(7, 7) in 
the form 


N= oO, 


where ® is an analytic function of (a, y) in the neighborhood of the point 
(x, Y)), and does not vanish there; and where ¢ is of the form: 

n 

+ Ay +---+A, 
the coefficients A, being analytic functions of x in the neighborhood of the point 
vw =2'.* The irreducible factors + of this polynomial, set equal to zero, yield 

: | 

the curves which constitute the set (/’). In particular, let ¢ be the factor 
which yields the curve lying next to C. This curve satisfies all the conditions 
imposed on /’. For, since ¢ is irreducible, ¢, does not vanish simultaneously 


with ¢ in the neighborhood of (2°, y,) when a < «’, and hence 
dy 
dx 
exists and is finite at all such points. The slope of the curve is given by the 
equation 


* This is a fundamental theorem of WEIERSTRASS’s ; Werke, vol. 2, p. 135. 
t ‘‘ Irreducible’’ in the sense in which I have used this term in reporting WEIERSTRASS’S 
theorem, Encyclopidie der Mathematischen Wissenschaften, II., B. 1. 
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dy d 
=e + by oF 
where x < x’, and it is readily shown from the continuity of $'(#, y) that at 
B’ the slope of / is given by the same formula. 

If all of the foregoing conditions hold except the one that n be even, and if 
now 7 is odd, it would appear that we may still have case (a) and hence the ex- 
istence of an envelope /’ with the above properties. For, the function 


for example, satisfies all the conditions imposed on the function y except, pos- 
sibly, that of being an extremal. It seems probable that there are families of 
extremals for which this example is typical. 


In ease (5) a field will exist and J will continue to be a minimum provided 
that through B’ and each point of its neighborhood for which # < «’ one and 
only one extremal y = $(a, y) passes. * 

This will always be the case when it is the case for the points of the line 
a2 = that lie in the neighborhood of 2’. For then y will be a single valued 
function of y along this line, continuous, monotonic and never constant, since 
the inverse function, y = $(x’, y) is continuous and single valued. 


Consider the region bounded by the quadrilateral whose sides are 


y=O(7,y%+6, 
where ¢ is so chosen (1) that the points y’ = $(x’, y,+€) are points of the 
above neighborhood of y’ and (2) that $a”, y) does not vanish within the 
quadrilateral. Let (#, 7) be any point lying within the quadrilateral. Then 
the equation 
y = 


admits one and only one solution y,—e<y<y,+e. For 


and $(x, y) is a continuous function of y in the interval y,—e«=y=y7, + €. 
Hence (x, y) assumes the value 7 for at least one value of y in the interval. 
Since $,(x, y) does not vanish in the interval, it follows from RoLLr’s theorem 
that the equation ¢(x, y) = y has only one root in the interval. Thus the suf- 
ficiency of the above condition is established. 

If p(x, y) is an analytic function of (2, y) in the neighborhood of the point 
(x’, y,) and we have case (+), then the integral will always be a minimum. 
For, only a finite number of the derivatives ¢,,(’, y,) can vanish. The first one 


* More precisely : provided that, if (2, 7) is the point B’ or any point of its neighborhood, 
for which x <2’, the equation y = 9(z, 7) has one and only one root y lying in the neighbor- 
hood of },. 
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that does not vanish eannot be of even order, otherwise we should have ease (@). 
The order being odd, it is readily seen that the equation 7 = ¢(w’, y) admits, 
for each value y in the neighborhood of y’, one and only one root y in the 
neighborhood of ¥,. 

The foregoing results may be summarized in the following theorems, which 
may be regarded as a correction and extension of KNesER’s theorem. 

THEeoreM A. The integral 


r= F(z, Ys y) dx 


ceases to be a minimum when x, is a conjugate point, x,=2', of x, and the 
conditions of Case 1 or II are fulfilled. 

This is KNESER’s theorem accurately enunciated, 

THeoreM B. Jn Case III, the integral ceases to be a minimum when we 
have case (a), i. €., when some of the points (E’) in the neighborhood of B at 
which G(x, y) = 0 lie in the interval (x,, x), and when, besides, such points, 
or a part of them, can be so grouped as to form the are of an envelope E en- 
tering the region (x,, x) and, together with the extremal C and the line 
w= a’ —e, bounding a region within which d(x, +9. 

If d(x, y) is an analytic function of (xv, y) in the neighborhood of the 
point (x, y,), and if we have case (a), then the further conditions of this 
theorem will be fulfilled. Here, a sufficient, but apparently not a necessary, 


condition that we have case (a) is that 


Yo) = 0 (k 1 2 1 )3 + 0 


where n’ is even. 


THeoremM C. Jn Case III, the integral continues to be a minimum when 
me have case (b), i. e., when none of the points (Ff) in the neighborhood of B’ 
at which $,(2", 7) = 9 lie within the interval x’); and when, besides, 
through B’ and each point (x, y) of its neighborhood for which x <x’ one 
and only one extremal y = $(x, 7) passes. 

If $(x.y) is an analytic function of (#2, y) in the neighborhood of the 
point (x, y,) and if we have case (b), then the further conditions of this 
theorem will be fulfilled. 

These theorems exhaust completely the case that (a, y) is an analytic fune- 
tion of (x, y) in the neighborhood of the point (x’, y,), the case to which 
KNESER restricts his investigation. 


$5. The Geodesics on an Ellipsoid of Revolution. 


The geodesics on an oblate ellipsoid of revolution furnish an example of an 
integral J which does not always cease to be a minimum when 2, is a con- 
jugate point of 
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The form of the envelope of the geodesics drawn from a fixed point on an 
ellipsoid of revolution was given by Jaconi* and the envelope was investigated 
analytically by von BrauNnMiHL.+ 

Let the equation of a surface of revolution be written : 

y = f yr), Where =a’+2’, 
and let us take as the codrdinates of a point on the surface 7 and the angle @ 
that the plane of the meridian through the point makes with a fixed plane 
through the axis of revolution. The length of the are of a curve joining two 


points (7,, ,) and (7,. @,) is given by the formula 


\ m+ (1 +f do. 


This integral is to be made a minimum. Since the integral does not contain the 
independent variable explicitly, LAGRANGE’s equation (1) admits a first integral 
and the differential equation of the extremals (geodesics) can be written in the 
form 


where v is the constant of integration. 


The surface here to be considered is the oblate ellipsoid 
(3) b=ea, <3. 


and the point A through which all the extremals pass is to be a point of the 
equator, for which @ shall vanish. The extremal C is to be the equator, 7 =. 
We will choose @ as the independent variable and replace it by « to conform to 
the earlier notation, and y as dependent variable. The function /’,, is seen 
to be positive for all values —b<y <b and — <y’ < it does not con- 
tain « explicitly. Equation (2) becomes the following : 
To integrate this equation set a 
yo y= sin 6. 

*Vorlesungen iiber Dynamik, 6th lecture, Werke, Supplementband, p. 47, where the form 
of the envelope is indicated by a figure. 

fMathematische Annalen, vol. 14 (1879), p. 
VON BRAUNMUHL in the Brill (now Schilling) collection, Katalog mathematischer Modelle, 
ser. 5, XVIII, a, b — Specialkatalog, 104, 106 — Deutsche Mathematiker-Vereinigung, Katalog 
mathematische Modelle, Miinchen, 1892, 2. Teil, II. Abteilung, 214. 

In a second paper by the same author (Mathematische Annalen, vol. 20 (1882), 
p. 557) the geodésics on an ellipsoid with three distinct axes are treated and a number of 


Cf. also the models made by 


bibliographical references are given. 
t KNESER, Lehrbuch der Variationsrechnung, p. 24. 


5 
i 
t 
i 
| 
f 
| 
| 
\ 
| 
4 


1901] OF A CERTAIN DEFINITE INTEGRAL 177 


Then « is given as a function of @ by a quadrature and we have the formulas: 
y= 6, 
(4) + (1 — 


7 


where all the radicals are taken positive and —b<y<b. For any one of 
these values of y, « is a single valued continuous function of 6 that increases 
when @ increases, and hence the inverse function, @(.”), is also single valued and 
increases as x increases. Equations (4) thus define y as a single valued fune- 


tion of (x, y) for all values of («, y) in the domain: 
oO, —b<y7~<b, 


and it follows from Drn1’s theorem (cf. p. 170) that this function, y = $(, 7) 
has continuous partial derivatives at each point of this region. 

The course of the geodetics on the ellipsoid is shown in VON BRAUNMUHL’S 
first paper (loc. cit.), Figs. 1-3, and on the models. It is suggested geometri- 
ally by Fig. 3 and the corresponding model that either cusp of the envelope 
lying on the equator is a point 2’ conjugate to A for the portion of the equator 
C included between A and 2’; that this portion of C is embedded in a family 
of extremals having an envelope passing through «’; and that this envelope does 
not enter the region Az’. Thus it would appear that this portion of C’ is sur- 
rounded by a field and hence that for it the integral is a minimum. It remains 
to supply the corresponding analytic proofs. 

In the case of the prolate ellipsoid, Fig. 1 of von Braunmi'Hu’s paper, it is 
evidently the cusps on the meridian through A that yield the desired example. 

For a given value of y lying between — ) and b, the curve y = $(#, 7) is an 
extremal and its course on the ellipsoid is easily traced. Since @ always in- 
creases with «, the curve lies within the zone of the ellipsoid bounded by the 
planes y= +. It is a periodic curve and the value of « corresponding to a 


quarter period is given by the formula 


2 + (1 — sin? 
( 


rX =z J/ — 

For this value of «, y is a maximum, = y. The curve crosses the equator. 
when 0=7, Let y converge toward 0; then 2 approaches 


mc as its limit and, as will appear in the course of the subsequent work, 


=e TC 


is the conjugate point to A (« = 0) on the equator, C. 
For all values of » that are positive and less than me, $(”, y) + 0 when 
Y=%=9. In act, x is then equal to so that 0 <0 <7; and since 
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Oy 00 

5 =sin# cos —; 


it follows that (2, %) = sin 
At the point = 7c, y= 0, the function ¢,(x’, y,) vanishes; and the same 
is true of the function 


4 00 00 3 
(2, = == 2008 — ) + yeos 
For, 00 oy is given by the formula: 


— sin? @ ory 


e/0 


b* — sin’ 6 
(6) 
(1 — ¢*)y sin’ 6 
J | — sin’ + (1 —c*) 7° sin’ 


Qysin® c? b? + (1 — c*) sin? | 


10 


and hence 0@ Gy vanishes when y= 0. The function ¢,, does not, how- 
ever, vanish identically at the point y= 0. In fact, (2's %) +9. For 


where p is composed of terms that vanish at the point (x’, y,), and it is readily 
shown by direct computation that 070 dy does not vanish at this point. 

We proceed now to show that the further conditions of Theorem C, § 4, are 
fulfilled, and hence that the integral taken along C from A to B’ is a minimum. 
It remains to establish two things: (a) that through each point (x, y) of the 
neighborhood of A, for which a > 0, one and only one extremal (x, 7) passes, 
and that at each of these points ¢,(x,y) + 0; and that, furthermore, ¢'(, +) 
remains finite in that part of this neighborhood lying between any two curves, 
y, and y,, of the class considered in $1; (8) that at the point B’ we have ( 
case (b) ($4), for d(x, y) is an analytic function of (2, y) in the neighborhood 
of 2’, and hence the existence of case (4) suffices. \ 


The proof of (8) is direct. At all points of the region 


where €, « are sufficiently small positive constants, ¢(x,7)>90. For, an ap- 
proximate evaluation of x by (4) in terms of y near 0 and @ near 7 shows that 


; 

| + 

| 
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d. (2, y) =2 cos >+Ps 

oy” 
{ 


1901} OF A CERTAIN DEFINITE INTEGRAL 179 


when x and ¥ lie in the above region, @ is less than 7. Similarly it appears 
from (6) that for such values of @ and y, y 06 ¢y=0. Hence the first term 
in the right hand member of (5) is always positive and the second is never nega- 
tive. 

Finally, to establish (a), we show (a) that through each point (x, 7) of the 
neighborhood of A for which « > 0 at least one extremal y = (x, y) passes; 
(6) that for all such points 0 < 6 <6, where 6 can be made arbitrarily small by 
choosing the above neighborhood suitably ; (¢) that y 00 oy = 0 when 0< 6, 
whence it follows by the aid of (5) that y) > 0; that 7) remains 
finite between any two extremals y = $(",7,), y = $(.7%,)- 


ad (a). Let e,7 be two positive quantities, the first arbitrarily small, the 
second, any quantity between 0 and 1, e.g.,7 =}. Then through each of the 
points 
y= Y=nbsine, 


where denotes the value of corresponding to the values y= nb, 
there passes at least one extremal d(x, 7). For, the equation 


ysin 6 = nbsine 


defines @ as a single valued continuous function of y that decreases from the 
value ¢€ to the value 0 < sin~'(y sin €) < € when ¥ increases from the value 7b 
to 6. Substitute this function @(y) in the formula for x, (4). Then & be- 
comes a continuous function of y in the interval 7) =y=b, assuming at the 
extremities of the interval respectively the values e’ and 0, and hence assuming 
each intermediate value at least once. 

Thus the equation 


Y= (x, 


where % is chosen arbitrarily between 0 and e¢’, admits at least one solution 


y=TI, where nb <P <b. Let 7) 1 


e any point of the region 


O<z<e, 
Then the equation 


IIA 
~~ 


For 


IA 


and the continuous function ¢(x , y) must assume the value y at least once when 
y passes from 0 tol. To show that (x, y) assumes the value y only once, 


Y= (x, 4) 
admits at least one solution, y = y, where 
| 
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it is sufficient to show that $(%,y) > 0, when 0 < y <4 and this relation 
follows from (4) and (c). 


ad (b). At any point (#, y) at which y = yb, 
since VY = nb sine. 
On the other hand, when y < 7), it appears from (4) that 


20 ch 
Jo b? — — 7 
or 


Hence 6 may be taken equal to the larger one of the quantities e€, c~'/ 1 — 7 €. 


ad (c). From (6) it is clear that for all values of —b<y <6 and for all 
values of 0 < 6 < 6, where 64 is chosen sufficiently small, the sign of 700 Oy is 
dominated by the sign of the first integral, and hence is positive. 

From (5) it now follows that, when ¢ is chosen sufficiently small, ,(2, y) > 0 
at all points (#, y) of the neighborhood of A for which # > 0, y= 0. Similar 
reasoning applies to the region «> 0,7<0. 


ad (d). The value of (x, y) is given by the formula 


de AB + (1 — sin® 0 

from which it follows that y)) < — On the other hand, 
two extremals, y¥ = $(.", ¥,), y= $(, ¥,) can always be so chosen as to include 
between them that part of the neighborhood in question which lies between the 


curves y, and y,. Hence the finiteness of $(.°, y) follows without difficulty. 


$6. The Integral T= Fir, Ys a’. y')dt.* 


e 


In the foregoing, the value of the integral taken along C has been compared 


* This section was added 7 March. At the time that I sent the MS. to the TRANSACTIONS, 
I had not observed that KNESER, in his treatise, § 25, notes the case in which the theorem cited 


in § 1 of this paper fails as an ‘‘ exceptional case’ 


(p. 95, 1.4). He recognizes that it is con- 
ceivable that the envelope may have a cusp, without however showing that this is ever actually 
the case. Near the close of the section he says: ‘‘ Eine Ausnahme findet nur statt, wenn die 
stets vorhandene Enveloppe der Curven des Feldes im Brennpunkte einen Riickkehrpunkt von 
besonderer Art besitzt.’’ In what the specialization of the cusp consists is not explained, and, 
in fact, itis not even clear whether the ‘* Ausnahme ”’ is considered to be an exception to the 
proof or an exception to the ‘heorem. 
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with its value taken along only such curves of the neighborhood of C as are 
eut by a parallel to the y-axis in at most one point. In the case of the geodesic 
AB’ on the ellipsoid it is readily seen that it continues to be a minimum even 
when compared with any continuous curve having a continuously turning tan- 
gent, which can be drawn from A to ZB in the neighborhood of C’. (The 
neighborhood of C’ shall now include the whole neighborhood of the points -{ 
and B’.) For, to begin with, the integral being written in the Weierstrassian 


form with a parameter ¢: 
(7) [= P'(z, ¥, 2's )dt, 
ety 


it is easily seen that the field may be taken as the neighborhood of C with the 
exception of that part of this region that is cut out by the envelope. The 
Weierstrassian proof for the existence of a minimum will apply to any curve 
connecting A and #’ and lying in this field. 

Next, consider the family of geodesics through that lie in the neighbor- 
hood of C’, and lay off on each of these a length measured from A equal to the 
length of the geodesic AB’. The locus of the points thus determined is readily 
seen to be a curve I’ passing through 2’ and not tangent to C’. 

Now consider any curve lying in the neighborhood of C and connecting 4 
and B’. If this curve meets [ only at the point 2’, it lies wholly in the field, 
and hence is longer than the geodesic AZ’. If it meets T before it reaches 
/’, then this part of it is at least as long as A’, and hence in this case, too, 
its total length is greater than that of the are AD’ of the geodesic C.* 

It is possible to generalize from this example as follows. Let 4A, B’ be two 
conjugate points on the extremal C of the general integral of the form (7). 


If the extremals of the field are given by the formulas} 
&(t,a), y=n(t,a), 
then, to the former function Pv, y) corresponds new the determinant 


We assume that A vanishes only at A and at points in the neighborhood of B’. 
If, furthermore, & (¢, @), » (t, a) are both analytic in the neighborhood of B’, 
the equation 


A=0 


will define one or more curves going through PB’ and tangent to C’ there. 


* It may furthermore be shown that the are AB’ is shorter than any other curve that can be 
drawn on the ellipsoid connecting A and B’. For, the curve [ is a closed curve that does nut cut 
itself, and the field may be so chosen as to include the whole interior of this curve. 

t KNESER, Variationsrechnung, chap. 3. 
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Divide the neighborhood S of C into two pieces, S, (containing A) and S,, 
by a curve through B’ cutting C normally. Then to cases (a) and (5) of §4 
correspond here the cases (a) that there are interior points of S, at which 
A = 0 (we will also tabulate here the case that A = 0 at B’, but nowhere else 
in the neighborhood of B’); (4) that there are no such points, but that there are 
points within S, in the neighborhood of B’ at which A=0. In ease (a) the 
integral J will cease to be a minimum. In case (b) the integral will certainly 
continue to be a minimum when compared with the value that it attains when 
taken along any curve of the neighborhood of C that meets the locus A = 0 
only at B’, for such a curve will lie in the field; and it will continue to be a 
minimum even when a curve of the kind just excluded is considered, provided 
that the integrand 


where the coordinates of B’ are written as (x,, y,) and ¢ has any value. For, 
the locus of points so taken on the extremals which lie in the neighborhood of 
C’ that the value of J along each of these extremals is the same as the value of 
J along C from A to B’ is a curve [ passing through 2’ and not tangent to 
C’, and the points at which A = 0 lie on a curve or curves tangent to C at B’. 


The remainder of the proof follows the same lines as the proof of the example 


above considered. 
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ON THE GEOMETRY OF PLANES 
IN A PARABOLIC SPACE 
OF FOUR DIMENSIONS* 


BY 


IRVING STRINGHAM 


Literature. 


Of the literature of the geometry of hyperspace that has accumulated in recent 
years the following papers are cited as having points of contact with the ideas 
here set forth: 

CuirrorD: Preliminary Sketch of Biquaternions in Proceedings of the 
London Mathematical Society, vol. 4 (1873), pp. 381-395. Cuir- 
FORD'S theory of parallels in elliptic space is identical with the theory of isoclinal 
systems of planes in four-dimensional space ; namely, planes that pass through a 
fixed point and make equal dihedral angles with any transversal plane through 
the same point. (See §§ 30-32 of this paper.) 

CHARLES S. Peirce: Reprint of the Linear Associative Algebra of BENJA- 
MIN PerrceE in the American Journal of Mathematies, vol. 4 (1881). 
In the foot-note of page 132 attention is called to the fact that in four-dimen- 
sional space two planes may be so related to one another that every straight line 
in the one is perpendicular to every straight line in the other. (See § 28 (3) of 
this paper.) 

I. SrrincHam: (1) On a Geometrical Interpretation of the Linear Bilateral 
Quaternion Equation ; (2) On the Rotation of a Rigid System in Space of 
Four Dimensions; (3) On the Measure of Inclination of two Planes in 
Space of Four Dimensions. Papers presented to Section A of the American 
Association for the Advancement of Science, the first two at the Philadelphia 
meeting of 1884, the third at the Cleveland meeting of 1888. Abstracts printed 
in Proceedings of the Association, 1884, pp. 54-56, and privately, 1888. 
These papers form the nucleus of the present investigation. 

A. Bucnuem: A Memoir on Biquaternions, in the American Journal 


* Presented to the Society (Chicago) December 27, 1900. Received for publication December 
7, 1900. 
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of Mathematics, vol. 7 (1885). The geometrical part is devoted to the 
geometry of non-Euclidean space. The theory of parallels is discussed on pp. 
301-306, 316-325. 

W. Die nicht-Euklidischen Raumformen, Leipzig, 1885. 
Section 8, pp. 148-160, discusses, under the title: “Die gegenseitige Lage 
zweier Ebene,” the relations to one another of - and v-dimensional planes in an 
n-dimensional space. 

CayLey: On the quaternion Equation ¢qQ— Qq' = 9, and On the Matrical 
Equation =9; Messenger of Mathematics, vol. 14 (1885), 
pp. 108-112 and 300-304, or Mathematical Papers, vol. 12, pp. 300- 
304 and 311-313. The first paper discusses the character of the roots of the 
equation = 9; the second interprets 7, as matrices. 

Vorlesungen iiber nicht-Euklidische Geometrie, 1890 (Zweiter 
Abdruck, 1893). On pages 120-124 the author identifies quaternion multipli- 
cations with orthogonal substitutions in four variables. In particular the prod- 
ucts p:q and q-p are called respectively “eine Schiebung erster Art” and 
“ eine Schiebung zweiter Art”; these are the parallel and contra-parallel trans- 
lations of Professor HaTHaway’s paper number (1), cited below. CLIFFORD’S 
theory of parallels in elliptic space is explained in the Vorlesungen on pages 
228-237. KLetn’s theory of Schiebungen was first presented to the members 
of his Seminar in January and February, 1880. 

G. Veronese: Fondamenti di Geometria, Padua, 1891, Part II, Book I, 
p. 455 et sq. Chapter 1 discusses elementary theorems in the geometry of four- 
dimensional space, some of which deal with the perpendicularity, parallelism, and 
intersections of planes. 

M. BriicKNER; Die Elemente der vierdimensionalen Geometrie mit beson- 
derer Beriicksichtigung der Polytrope; Jahresber. d. Ver. f. Naturk., 
Zwickau, 1893. I have not been able to consult a copy of this paper, but 
ScHLeceL, in Fortschritte der Mathematik, vol. 25, p. 1028, says: 
“ Die --- Arbeit giebt eine auf griindlicher Litteraturkenntnis beruhende und 
durch grosse Klarheit in der Darstellung sich empfehlende Zusammenstellung 
der in der elementaren vierdimensionalen Geometrie erzielten Resultate, und 
fiillt dadurch in erwiinschter Weise eine Liicke in der deutschen Litteratur aus.” 

P. Cassint: Sulla geometria pura Euclidiana ad n dimensioni ; Atti del 
Reale Instituto Veneto (7), vol. 5 (1894), p. 820 et sq., discusses metrical 
geometry in four-dimensional space; but see Fortschritte der Mathe- 
matik, vol. 25, p. 1035. 

A. S. Haraway: (1) Quaternions as Numbers of Four-Dimensional 
Space, in Bulletinof the American Mathematical Society, vol. 4 
(1897), pp. 54-57 ; (2) Alternate Processes, in Proceedings of the Indi- 
ana Academy of Sciences, Indianapolis, 1897, pp. 1-10; (3) Linear 
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Transformations in Four-Dimensional Space,in Bulletin of the American 
Mathematical Society, vol. 5 (1898), pp. 93-94. The fundamental ideas 
and formulz of these papers are the same as those that were used in my papers 
of 1884 and 1888. Specifically Professor HaTHaway exemplifies the utility 
of the quaternion analysis for the following purposes: (1) To interpret CLIF- 
FORD'S theory of parallels in elliptic space (KXLEIN’s Schiebungen), there stated 
in terms of great circular ares on the hypersphere of four-dimensional space 
(see this paper, §§ 30-32) ; (2) To determine certain angles, areas, and volumes 
in four-dimensional space; (8) To formulate the theory of certain four-dimen- 
sional space transformations, in particular rotations (cf. my paper numbered 
(2) above). 

A. N. WuireneaD: Universal Algebra, vol. 1 (1898). At pp. 405-406, 
409 the properties of parallels in elliptic space are explained by means of the 
Calculus of Extension (Ausdehnungslehre). 


§§ 1-12. Some FunDAMENTAL CONSIDERATIONS. 


1. The Quaternionic Manifold. The four-dimensional space here considered 
is a point-manifold whose point-elements are uniquely determined by the sets of 
real variable numbers w, x, y, z, regarded as rectangular codrdinates. To real 
numbers shall correspond always and only real points. 

The space may be defined as the domain of the continuous translational and 
rotational transformation groups expressed in terms of the codrdinates. The 
translations are the linear transformations of the form : 


wt+a, yth, 
and the rotations are the orthogonal transformations of the type : 
gw + au t+ by + ¢,2 (i=1, 2, 3, 4). 


In the quaternion analysis these are respectively additions and multiplica- 
tions, and the coordinates of the transformed point are, in every case, the re- 
sultant coefficients of the fundamental units 1, i, 7, 4. The quaternion terms, 
or factors, being 


bj + ck, t+ zk, 
translations are represented by the sum 


rotations by the products: pg, qp,qpq' , ete., provided (in the latter case) 
the condition 7y = Ty’ = a constant be assigned. Thus, in particular, 


qp= W+ Ni+ 17+ Zk, 


| 
| 
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where 
W = gu — ax + by — cz, 


NX = aw + gx — cy + bz, 
Y=bw+er+qy— a, 
Z = cw — bu + ay + gz, 
and in these equations all the conditions of orthogonality are satisfied if 


Such multiplications obviously constitute an orthogonal group, that is a group 
of rotations in the quaternionic manifold, rotations having here the same mean- 
ing as when expressed in terms of the Cartesian analysis.* 

Now it is well known that the continuous translational and rotational trans- 
formation groups (expressed in the Cartesian form) constitute the totality of the 
possible real movements, without distortion, in a parabolic space defined by the 
variables w, 2, y, 2; and the quaternion operations do actually reproduce such 
transformation groups, are therefore competent to interpret the geometry of a 
parabolic space of four dimensions. But do quaternion additions and multipli- 
vations suffice to produce a// the movements (without distortion) of such a 
space ? 

In order to answer this question I assume that a rigid body is fixed by four 
points that have no special relation to one another, e. g., do not lie in a space 
of two dimensions, and I then show that, by quaternion additions and multipli- 
cations, any one set of four points 0,, a,, b,, ¢, can be moved into any second 
set o', a’, b', c congruent to the first, but otherwise arbitrarily placed. The letters 
here used denote quaternions except where statement to the contrary is made. 

Place the origin at the point defined by o’, so that o’, regarded as a quater- 
nion, has a zero tensor. 

By a first operation of addition applied to each of the points 0, , a,, ,, ¢,, 
the additive term being o’ — 0, , we transform (0, , @,, 4,, ¢,) into (07, a, 6, 
where 

a,b,e= 
and the application of the proper test shows that (o’, a, b,c) is actually con- 
gruent to (0,, a,, 5,, ¢,) 

By a second operation of multiplication (0’, a, , c) can now be transformed 
into (o', a’, b', c’). In fact, the origin being still at o’ , if it be defined in gen- 
eral that 

r(a,b,---)r =(rar’, rbr’,---), 


* Cf. KLEIN : loc. cit. and Vorlesungen iiber das Ikosaeder (1884), pp. 35, 36 ; also CAYLEY : 
On Certain. Results Relating to Quaternions in Philosophical Magazine, vol. 26 (1845), pp. 
141-145, or Mathematical Papers, vol. 1, pp. 123-126. 
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it is easily verified that 
where 
q=B(y¥ —y+(¥ 
and 
B,y,8 = Vba", Ve'a'"; 
and again, the application of the proper test shows that (o’, a’, )’, ¢’) is actu- 
ally congruent to (0', a, b,c). 

By means of appropriate quaternion operations we may therefore transport 
without distortion the elements and configurations of our quaternionic space from 
any given position to any other. 

The system of measurement is parabolic. But one should not forget that the 
quaternion analysis augmented into a calculus of biquaternions (CLIFFORD, 
BucHHEIM), or of octonions (MCAULAY), may suffice to interpret both the 
elliptic and the hyperbolic forms of a four-dimensional space. 

In concluding this preliminary discussion it is pertinent to remark that the 
quaternion theory makes its interpretations in strict analogy with the vector 
interpretations of a parabolic space of three dimensions and, so far as they 
are known, takes them for granted. The quaternionic four-dimensional space is 
therefore the analogue of that three-dimensional space which allows itself to be 
explained by the Hamiltonian vector analysis. 

2. Nomenclature. The terms solid, surface, plane, sphere, curve, line, ete., 
will be used with their ordinary significations in Euclidean geometry. 

By space, without qualification, is meant Euclidean space of three dimensions. 
When spoken of as a locus it may be conveniently called a Euclidean. 

By the director of a point, or the quaternion of a point, is meant the directed 
straight line drawn from the origin to the point. Geometrically interpreted, a 
quaternion is a director. 

The word perpendicular, when not qualified, is used in its ordinary sense ; 
thus two planes are perpendicular to one another when a straight line can be 
found in one of them which is perpendicular to every straight line in the other. 

Two planes are said to be hyperperpendicular to one another when every 
straight line in the one plane is perpendicular to every straight line in the other. 

In general, and unless specification to the contrary be made, the letters a, 6, 
c,d, u,v denote 
x sealars,a, 8,7,5,p,0,7 vectors. The four fundamental quaternion units 
are denoted by 1, 7,7, & and their geometrical meaning is: four mutually per- 
pendicular directors of unit length. The Hamiltonian notation is employed 
throughout. 


3. Amplitude. When the quaternion is written in the form 


q=/(cos 6+ 


| 

| 

| 

| 

| 
| 
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in which 7 is its tensor and X is a unit vector, ¢ is called its amplitude. The 
sealar part, / cos 6, regarded as a director, lies along the scalar axis, and the 
vector part, /A sin @, is the director-perpendicular dropped from the extremity 
of g to the sealar axis ; for this axis is, by definition, perpendicular to i, 7, and 
k, and consequently also perpendicular to every vector. The amplitude is 


q 


irXsin 


O leosd 


therefore the angle (more strictly the arc-ratio of angle) between the quaternion, 


regarded as a director, and the scalar axis. When ¢= 7,2, the quaternion 
director becomes a vector and is at right angles to the scalar axis; when ¢ = 0, 
it is a part of the scalar axis itself. 

4. Geometric Addition. As applied to a series of quaternions, interpreted 
as directors in a four-dimensional space, the law of geometric addition is: The 
sum of any two or more quaternion-directors (whether they be vectors, scalars, 
or any combinations of these) is the director that extends from the initial to the 
terminal extremity of the zig-zag formed by so disposing the several director- 
terms of the sum that all their intermediate extremities are conterminous. 

By assuming the existence of a fourth independent direction in space, the geo- 
metrical interpretation of a quaternion (as given in § 2) makes this law of geomet- 
rie addition a mere corollary of the law of vector addition in a three-dimensional 
domain. We require only to reiterate, for quadrinomials of the form w + ix 
+ jy + kz, the statements that are valid for trinomials of the form ix + jy + kz. 

Since quaternions obey the commutative law of addition, several geometrical 
steps lead to the same position in whatever order they may be taken, and two 
directors are identical when either one of them can be derived from the other 
by a simple translation unaccompanied by any rotation. If a rotation is required 
in order to bring the two directors into coincidence, they are distinguishable 
from one another by the fact that their versor parts are distinct. This commu- 
tative law in geometric addition implies the validity of the so-called parallel 
axiom and demands the existence of parallel elements (lines, planes, ete.), paral- 
lelism being determined by the usual Euclidean criteria. 

5. Relative Direction. Let the quaternions ¢, q’, which, for convenience and 
without loss of generality, may have unit tensors, be written in the binomial 


forms : 


q=coshd +dXsing, 


, 


i 

| 
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and denote by @ the angle they form with one another. The ratio of y tog is 
q = (cos + Asin (cos — sin 
or, in its developed form, 
= cos cos — sin d sin PSAN’ 
+ Asin ¢ cos — X' sin cos d — sin d sin VAX, 


and 
Sq/7 = cos cos ¢’ — sin ¢ sin SAN’ 


= cos ¢cos + sin dsin cos (A, 2’). 


We may represent the ares ¢, ¢, 6 by the sides of a spherical triangle on the 


surface of a unit sphere. In such a figure the intersection of the planes of the 


O 1 W 
ares @, ¢ is the scalar axis and the angle of the vectors X, X’ is the angle be- 
tween these two planes. Hence, by the cosine formula of spherical trigonometry, 
cos 6 = cos cos + sin sin cos (A, 
Thus the measure of the inclination of ¢ to ¢’ is 
Sq 7 = cos .* 


In order that g and g’ may be perpendicular to one another it is necessary 


and sufficient that 6 = 7/2 or an odd multiple of 72. Hence: 


The necessary and sufficient condition in order that two directors q, q’ may 
be perpendicular to one another is that their ratio shall be a vector. Symbol- 
ically, 

S-gKq' =0. 
To obtain the condition of parallelism we note that the vector part of qq’ is 
= $ cos — 2X’ sin cos — sing sin VAX’, 
and that g and g’ are parallel (or identical) if, and only if, their versor parts 
are either identical, or differ only in algebraic sign; that is, if 
=o+ nT, ~=rA, VAV=0,z 
where n = 0, or a positive integer. But these conditions are fully expressed 


in the equation 


* Cf. HaTHAWAY : loc. cit. (1) p. 55. 
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Vq/¢ =+Asin(d — ¢’) = 0. 

Hence, the necessary and sufficient condition in order that two directors 

q,q may be parallel is that their ratio shall be a scalar. Symbolically, 
V- = 0, 

In the conditions S-gKp = 0, V-qgKp =0, the requirement that p and q 
shall have unit tensors is obviously not necessary. 

6. Binomial Form of q/p. Let @ be the angle between any two quaternion 
directors p,q, let s be the director-perpendicular dropped from the terminal ex- 


qd 


O r p 
tremity of g to p, and r the director from the origin (intersection of p , q) to 
the foot of this perpendicular. Then, by geometric addition, 
q=rt+s 
and 
yp; 
and sp, being the ratio of a pair of mutually perpendicular directors, is a vector. 
Hence, if p be defined as the ratio Us'Up, it is a unit vector and 


qp= (cos 6 + p sin 0). 
7. Projection. It is now evident that 


qKp == TgTp COs 
and that 
TV- = TgTp sin (p,q); 
and since obviously P 
S ( qKp) ( Up Kp) =0, 
(V -qKp)Up is perpendicular to p. Hence the identity 
I= (S (Kp) (V -gKp) (Kp) 
has the following evident interpretation : 
S-qKp,. 
7 Ll p = projection of g upon p, 


T Up = projection of g upon a director perpendicular to p, 
P 


and the sum of these two projections is ¢ itself. 
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8. Rectangular Coordinates. The propositions of §5 might have been 
proved in terms of rectangular coordinates. Suppose the two quaternions given 
in the quadrinomial form: 


+jy+ kz, 
g =w +jy +h’. 


Their direction cosines are 


where 


Ua Vw +a +2 


and the formula for the cosine of the angle between them is 


cos 6 = 


The ratio of g to qg’ may be written in the form 


(w + ix + jy + kz)(w’ — ix’ — jy’ — kz’) 


= 
wo +a +2 


In the numerator of this fraction the coefficients of 1, i, 7, and & are respectively, 

W = ww’ + + yy’ +22’, 

X = we — we’ + yz’ —y2, 

Yo=w'y —wy +2 —22, 

Z=w2z—w2 +2y' 

and in terms of these g/q’ takes the form 


In order that g and g’ may be perpendicular to one another it is necessary 
and sufficient that 


wo’ + yy’ +22=0, ie, W=9, 


or otherwise expressed, 
= 4 vector. 


| 
wl,al,yl,zl, 
wl, V, r 
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In order that q and q’ may be parallel to one another it is necessary and suf- 
ficient that 


that is, 
iX+jY¥+kZ=0, 
or otherwise expressed, 
q/¢ =a scalar. 


9. Equations of Loci. In general it will be found that a quaternion equa- 
tion in one variable has a definite, finite number of solutions and that, if it 
represent a locus, its coefficients must satisfy certain conditions, a remark in fact 
that is justified by the observation that the quaternion equation 


= 9 


is equivalent to a system of four scalar equations in four scalar variables. Thus 
a principal first step in the interpretation of the linear equation as a locus will 
be the assigning of the conditions necessary and sufficient in order that the equa- 
tion may have an infinite number of solutions. 

10. Transference of Origin. By virtue of the law of geometric addition, a 
locus, given in terms of a variable quaternion p, may be referred to a new 
origin, whose director is ¢ , and be represented by an equation in terms of a new 
variable quaternion g , by substituting 


in the given equation. Thus the equation 
ap + pu laa + 2a=0 (a?—=—1) 
is satisfied by the value p = aa and is referred to a point in the locus itself, as 
a new origin, by writing 
pHaat+q; 
and through this substitution it becomes 


aqg+qa'aa=0. 


In comparing two or more loci, advantage may be taken of this principle in 
order to simplify one or more of the equations by transferring the origin to a 
point within one of the loci, or to a point common to two or more of them. 

11. Solution of a,p + pa,=c. I indicate briefly HamtLron’s solution of i 
this equation.* Denote the conjugate of a, by @,+ and multiply a,p + pa, pro- 
gressively by a,, regressively by @, and add; there results 


* Lectures on Quaternions, p. 565, or TAtt’s Treatise on Quaternions, 3d ed., p. 136. 
t This notation is used throughout the paper. ‘ 


Ww 
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a; a(a, a,) aa, p=ae +cd, , 
or 
p= (a; + 2aSa, + a,a,) '(a,e-+ cd,). 

If nullitats (quaternions involving scalar “—1 and having zero tensors) be 
excluded the equation has in general but one root. For, denote any root by 1; 
then 

ab+ba,=c, 
and the original equation may be written in the form 


a(p b) +(p— b)a, =Q; 


and if » be supposed to have any other value than }, for such value p — b does 


not vanish and 
a, = —(p—b)a,(p 
is not indeterminate; therefore 


Sa,= —Sa,, Ta,=Ta,. 


Thus the coefficients are not independent and the equation may be written 


apt pa,=c, 
in which a, = Va,, a, = Va,, and Ta, = Ta,. 
It follows that unless the conditions: Sa, = — Sa,, Ta, = Ta,, be satisfied, 


the equation has but one root. But if it have more than one, it then has an in- 
finite number of roots and represents a locus. 

12. As an example of other equations in a variable quaternion p whose solu- 
tion leads to this linear bilateral form, consider 


Sap=m, Sbp=n, 


which obviously represent a pair of Euclideans (ordinary spaces of three dimen- 
sions). They are equivalent to 


ap+pa= 2m , bp pb = 2n, 
from which is obtained, by a series of sufficiently simple operations, 
bap — pba= 2(mb — nid), 
and since Sba = Sha and Tha = Tha = Tab, this may be written 


2(na — mb) 


UVba ‘p—p: UVda + TV ab 


Here again is a single equation in a variable quaternion p representing a locus, 
viz., the intersection of a pair of Euclideans. 
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§$ 13-16. Loci or LINEAR EQUATIONS. 


13. Planes through the Origin. If a, and a, be any two unit vectors and p 


a variable quaternion such that 


0, 
then 


S(a,+a,)Vp=0. 
Thus, under the conditions imposed, Vp moves in a plane through the origin 
perpendicular to a, + a, and can therefore be written in the form 
Vp = x(a, —a,) + yVa,a, 
in which x and y are independent variable scalars ; thus p has the form 
p=x(a,—a,) + yVa,a,+ Sp. 

Subject this expression for » to the condition that it satisfy the equation 

a,p+pa,=0 and note that the part involving w(a, — a,) vanishes identically. 


There remains 
a(yVa,a,+ Sp) + (yVaa,+Sp)a,=0, 


and this solved for Sp gives 


Sp = y(a, — a,)(a, + a,)'Va,a, = y(1 + Sa,a,), 


whence 
p = x(a, — a,) — ya,(a, a,) 


Thus, as x and y vary p moves in the plane of the two directors a, — a,, 
a,(a, — a,) and the equation of this plane is 
pa,= 0. 
Or this equation may be written in the form 
ap—pa'aa=0, 


where a is any quaternion satisfying the condition a,a + aa,= 0. 
14. Planes through any Point. If q satisfy the equation 


aq+qa,+2a=0, (a? =—1), 
it is immediately evident that a,a = aa, and that therefore 
Hence the values of ¢ that satisfy this equation can be written in the form 
(1) q = 4,4 + x(a, —a,) — ya,(a, —a,),* 


where w and y are arbitrary scalars. The equation represents a plane through 
the extremity of a,a. 


* STRINGHAM : loc. cit. (1) (1884), pp. 54-55. 
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These values of ¢ may also be expressed in either of the forms : 
q=aa+la\(a,—a,), 
qrada+ar—ra,, 


where / and z are arbitrary scalars and 7 is an arbitrary quaternion. The veri- 
fications are easily made by substitution in the equation. 

It is important to observe that since a,a = aa,, only two constants, a unit 
vector and a quaternion, are necessary for the complete determination of a plane. 


Thus, these constants being a, and a, the equation is 
a aa+2a=0. 


15. Planes containing yiven Elements. Such an equation as the one last 
written represents any plane in four-dimensional space. For, suppose the plane 
to be determined by a point a, and two straight lines c, e through this point. 


We may find two unit vectors a,, a, such that 

ace + ca, = 0, ae + ea, = 0. 
In fact the solution of these equations for a,, a, is 

a,=+UVec, a,=+UVer, 
and by substitution in the equations it is found that these versors must have like 
signs. The vectors a,, a, being thus determined, let a = — a,a, (equivalent to 
a, = a,a) and consider the equation 

a,p + pa,+ 2a=0. 

It is the equation of a plane and it is satisfied by a,, by a, + ¢ and by a, +e, 


and thus, as required, it represents the plane that contains the point a, and the 


lines c, e. 
If the plane be determined by three points, c, 7, ¢, the equations of condition 


for a,, a, may be written in the form 


a(ec—d)+(ce—d)a,=0, a(e—e)+(c—e)a,=0, 
and then 


a, = UV(ed+de+ec), a,= UV(ed + de 
a=—i}(ac+ ca,) = — + da,) = — \(a,e + ea,). 


16. The director a,a is perpendicular to the plane. For since a,a = aa,, 
Sa,a{a(a,—a,) — y(a,—a,)a,} = 9, 
the condition for perpendicularity ($5). Thus, the equation of a plane through 
the extremity of, and perpendicular to, a given director a, is 


9 
aq + 9a, — 24,4, = 0, 
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in which a,, a, are any two unit vectors, satisfying the condition a,a, = a,a,. 
It will be convenient to write (a,, a,, 2a) as an abbreviation meaning: the 


plane whose equation is a,g + ga, + 2a =0 (a,= aaa). 


§$ 17-22. INTERSECTIONS. 
17. Director of Meeting-point. It is here shown that two planes, 
ap+pa,+2a=0, Bp+pP,+2b=0, 


always meet in at least one point, and the director to this point is found in 
terms of the constants of the equation. Operate progressively and regressively 
on the first equation with 8,, 8,, on the second with a,, a, and in each case 
take the difference of the products and then add these differences together ; the 
result is 
2pS(a,B, a,8,) 2(B,a ap, + a,b ba,) =0Q. 
Hence, in general 
B,a — aB, + a,b — ba, 
S(a,8,—4,8,) 


If the planes have two points in common they have a line of intersection and 
a relation between the coefficients is obviously necessary. Hence, in general, 
two planes meet in one and only one point. 

18. Intersection Lines at the Orvigin—ZIn order that the two planes 
(a,, a,, 9), (B,, B, , 9), which meet at the origin, may meet in a straight 
line, it is necessary and sufficient that Sa,8, = Sa,8,. 

It is necessary; for, if there be some value of » not zero that satisfies the two 
equations a,p + pa, = 9, 8. p+ p8,=9, then 


a, Psp 
and therefore 
Sa,8, = Sa,8,. 


It is sufficient ; for, if 
c= B(x — ya,) (a, + a,) — ya,) (a, +4,)8,, 


where x and y are arbitrary scalars, then the condition Sa,8, = Sa,8, suffices 
to make + ca, = 90, Be + c8,=9, and thus the two planes meet in c. 

19. Cosine of a Dihedral Angle. Two planes are supposed to meet in a 
straight line at the origin. Let w, v be two unit directors drawn, u in the plane 
(a,, a,, 9), v in the plane (8,, 8,, 9) perpendicular to their line of intersec- 
tion. Then a,u lies in (a,, a,, 0) and §,v in (8,, B,, 9), and identically 


0, 


Dawu = SB, 


conditions sufficient to make a, and 8,» perpendicular respectively to w and v. 
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Hence a,u and 8,v are two expressions for the intersection line of the two planes 
and au = + whence 
Saf, =+Sa,f.. 18 


These are the cosines of the dihedral angles formed by the two planes. 


The planes are perpendicular to one another if Sa,8, = Sa,8,= 0. 


20. Intersection Lines in General.—In order that the two plane s(a..a.. 2a), 


(8,, 8,, 2b) may meet in a straight line it is necessary and sufficient that 


If the two planes meet in a straight line at a finite distance it will be possible 
to transfer the origin to a point in this line and thus reduce the equations to the 
form 

aqg+qa,=9, By +h, =9. 


Hence (§18) anecessary condition fora straight-line intersection is Sa,8, = Sa,f,. 
But when this condition is satisfied the expression ($ 17) 
a,b — ba, + — 
S(a,8, — a,8,) 

for a point of intersection of the two planes, is determinate and infinite unless 
the numerator vanish. Hence the condition 

a,b — ba, + Ba—ap,= 0 
is necessary. 

This condition requires that Sa,8,=Sa,8,, but the converse of this state- 

ment is not true; for if 
S= a,b —ba,, g=Ba—aB,, m= S(a,8,—a,8,), 
then the identical relations 
af+fa,=0, ag +ga,+2am=0, 
Bg+98,=9, B, f+ f8,+ 2im=0, 
put in immediate evidence the fact that, » being any scalar, f= ag makes 
m = 0, and vice versa, but m = 0 does not involve f+ ¢=0. 

The sufficiency of the condition + g = 0 will now be proved if it be shown 
that the vanishing of ,7'+ g makes it possible to assign a singly infinite series of 
quaternion directors which satisfy the equations of the two planes. But identi- 
cally, 

a,Vab “T+ Vab fa, art , 
B,Vba-¢ + Vba-g8,=bgq, 
and, if f+ g = 9, also 
B,Vab “ff Vab ‘TB, = bff, 
+ afa,=9, 
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where « is an arbitrary scalar. Hence, provided f and g be not separately zero, 
(w — 2Vab) f represents a singly infinite series of quaternions possessing the re- 
quired property. 

Thus the condition f= — g + 0 determines that the two planes meet in a 
straight line and enables us to assign as its equation 

p= (e- 2Vab) 

Here neither f nor Vab can vanish separately ; for if b= ya, then 
S=y(a — aa,) = 90, and if f= 0 both a and represent the same director, 
namely the intersection of the two planes (a,, —a,, 0), (8,, —8,, 9), 
which can only happen when 4 is a numerical multiple of a. 

Suppose then that /= g = 0; there are two cases: 
(1) ab=ba,+ Ba=a8,; (2) 

(1) Ifab=ba, + B.a=a8,, then the above expression for p may be e- 
placed by 

P= (Va,8,) (Bia a,b + va) 

which, as may be easily verified, reduces the equations of (a,,a,, 2a), 
(8,, 8,, 2b) to identities for all (scalar) values of x. This is again the equa- 
tion of a straight line. (Ihave not proved that Va,8, is not zero.) 

(2) If ab = ba, = Ba = a8,, a formal solution is 


P= (Va,8,)-"(B, + 


an expression which again reduces the equations of the two planes to identities. 


But here, since 6 is a multiple of a and since now a,8, = — ab~', we have 
Va,8, = 0 and therefore 

= 8, = + 4,, 
and the signs must be + + or — —. Hence p =o. This is the case of par- 


allel planes, as will be shown in the sequel (§ 29). 

Thus, in whatever way f + g becomes zero the two planes meet in a straight 
line, either at a finite or at an infinite distance. 

Incidentally, either — 2Vabf or (Va,8,)""(8,a — a,b), the former in the 
general case, the latter when a,b = ba, + 8,4 = af,, is determined as the direc- 
tor-perpendicular from the origin to the intersection-line of the two planes. 
This is made evident by applying the test of (§ 5). 

21. Intersections at Infinity. If the two planes meet only once at an in- 
finite distance, we must have (f+ g)/m= 0, and f+ g + 0 (§ 20), and these 
conditions are obviously sufficient. Hence, taking account of § 20 (2): 

For the two planes (a,, a,, 2a), (8,, 8,, 2b) to meet at infinity , the neces- 
sary and sufficient conditions are : 


if ata point, Sa,8, = Sa,8, > S+ J + 0; 


if in a line, =+a,, 


> 
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22. Normals. It is easily verified that : 
(1) The perpendicular distance (director-normal) between the two planes 
(a,, a,, 2a) and (a,, a,, 2b) is, in both magnitude and direction, a,(a — b). 
(2) The director normal from the extremity of ¢ to the plane (a,, a,, 2b) is 
ta(2a + a,c + ca,). 
(3) It has been shown in § 21 that the director-normal from the origin to the 
intersection of (a,, 4,, 2a) and (8,, 8,, 2b) is 


(ab — ba) (ba, — a,b) 


the conditions f + g = 0, f + g being here essential. 


§§ 23-27. DiverGence OF Two PLANES AND ITs MEASURE. 

23. Isoclinal Angles. Two planes meet, in general, in a point or in a straight 
line (§§ 17, 20). It is always possible, as will presently appear, to pass through 
any point common to two given planes other (transversal) planes which meet the 
former in straight lines and form with them equal opposite interior dihedral 
angles. The plane angle formed by the edges of the two dihedrals, whose plane 
as viewed from a point between the two given planes is equally inclined to them, 
will be called their isoclinal angle. This angle is an appropriate index (measure) 
of the amount (rapidity) of the divergence of the two planes under a special 
aspect, namely, from the vertex and in the direction of the sides of the isoclinal 
angle. Its variations afford the means for determining certain important rela- 
tions of planes to one another. 

The given planes being (a,, a,, 2a), (8,, 8,, 2), we transfer the origin to the 
point of, or to a point in, their intersection. Their equations become (§ 13) 

a,pt+ pa,= 0, Bip + pRB, = 0; 
and x, y being continuous scalar variables, 

represent two directors lying in them, w in the first, v in the second ($14). I 
enquire whether and under what conditions the plane angle formed by wu and v 
may have a maximal or a minimal value. Without loss of generality we may 
suppose that Tu = Tv = 1. 

The first and second partial derivatives of Suv with respect to x and y are 


OSut _ T 
Cy 
_=—- Sut, =—-, Sat, 
Cae + ey” + 
and 
Sut 
=—, aut. 
Cx CY 


Trans. Am. Math. Soc. 14 
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The two second partial derivatives, with respect to «, and with respect to y, 
being negative as compared with the function itself, the conditions for a maxi- 
mum or a minimum of Sw are 

Saud = 0, SB ut = 0, 
and 
Sut>SBaut, or 
Thus Sut, and therefore also the angle of u,v, will have maxima and min- 


ima if there exist an inequality of the form: 
Sur | + 


Let it be supposed, for the moment, that the directors ~,v are fixed by the 
conditions thus imposed (it will be shown presently that this is actually the case) 
and let « and v be turned in their respective planes about the origin through 
the same angle 370 by multiplying the first by a’, and the second by 8? , where 
6 is a sealar variable. 

(1) The essential preliminary condition: The plane of a°u and B%v shall 
intersect both (a,,a,,9) and (B,,8,,9) in straight lines, is here fulfilled ; 
for y,, y, being = UVa’utB>’, UViia;*A%v, the equation of this plane is, by 
$15 (1), 

UP 
and the sufficient conditions (§ 18) 
Sa. = Sa,y,, = SBv., 

(2) The angle of a®u and B%v is isoclinal to (a,,a,, 9) and (B,, B,, 9) for 

all values of 0. For we may write 


a® ya,, =r+ yB, (a2?+y?=1), 


and then, the conditions Sa,uwt = S8,ut = 0 being satisfied, 


Say, = ryS(8,a,ue — uv) = — 


= Sa,y,= — SB,7,, 


that is, the corresponding exterior-interior dihedral angles on the same side of 
the transversal are equal. This isoclinal angle may thus be treated as a function 
of 0. 

(3) Let the values of @ that make the angle of au and 8°v a maximum or a 
minimum be sought. The first and second derivatives of Sa®utS>* with respect 
to @ are 


«. 


Sw 


de? 


S(1 + B,a,)w, 


| 
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and by virtue of the previously assumed conditions Sa,ut = SB,ut = 0, the 
first derivative vanishes for all integral values of @. 

When @ = 0 or an even number, the second derivative is a negative quantity 
if Sut > Sa,u8,v, and these (as previously found) are the conditions that make 
Sud a maximum. 

When @= an odd number, the second derivative is a positive quantity if 
Sut > Sa,u8,v, and these are the conditions that make Sv? a minimum. 

It is immediately evident that if there be maxima and minima, there are two 
of each, occurring alternately at intervals of ninety degrees; for the successive 
angles are: 

Z (atu, Ber) (9=0, 1, 2,3 


and Sa?ui = SP%rt = 0 if @ be an odd integer. 

It will be shown presently (§ 24) that non-integral values of 6 do not give rise 
to maximal or minimal isoclinal angles. The above enumeration is therefore 
exhaustive. 

(4) The two planes of the maximal and minimal isoclinal angles, and these 
only, are orthogonal to both of the given planes. For, in order that the condi- 
tions for perpendicularity ($19) may be satisfied, namely : 


Savy —SBn — 
Sa,y, = Sa,y, = 88,7, = 58,7, = 9, 


it is necessary and sufficient that x or y= 0 (ina? =x+ya,, 
of (2)), and these are precisely the condition @ = an integer. 

(5) If the terms of Su > Sa,v8,v be interchanged, Su? becomes a minimum 
and Sa,v8,v a maximum. Such an interchange, however, is merely equivalent 
to assigning uv’ = a,u, v' = §,v as the two director boundaries of the minimal 
and a,w’, 8,v’ as the director boundaries of the maximal angle. And unless 
Sud = Sa,uv8,v, an inequality of the form Sut > Sa,vP,v may be assumed to 
exist. Hence if the conditions 


Sut + Saup,v 


be satisfied, either Su? is a maximum and Sa,v8,v a minimum, or vice versa. 

(6) It remains to show that the conditions Sa,v7 = S8,ut = 0 suffice to de- 
termine a convenient measure of the divergence of the two planes. In another 
form, Sa,vt = 0 is 

aut — via, = 0, 
which is also 
B,a,ut — Bria, = 9. 

But 
+ viia,B, = 288 aut = B,viia, + viia,p,. 


Multiplied by uw this last equation is 


| 
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whence, by equating scalar parts and dividing by 2, 


Sut -Sa,uB,v = — + a,8,) .* 


There is thus obtained, as the measure of divergence of the two planes, the 
product of the cosines of their numerical maximal and minimal isoclinal angles. 

24. The Ultimate Criteria of Maxima and Minima. The higher odd-order 
derivatives of Sw, = Sa®utS_7° are 


u— 


d?"—' Sw 
=(—1)""' 9 S(a,— Bw, 


and the even-order derivatives are 


“Se 8 + Bae. 


If we write 


(a?, ya,, + yB,) (2?-+y?=1), 
and maintain intact the conditions Saw? = S8,ut = 0, these higher derivatives 
become 

d*"—'Sw 
(— 1) — ue), 
d*" Sw 


Hence the derivatives of odd order vanish if, and only if, « = 0, or y = 0, or 
Sa,uB8,v = Sut; and if Sa,u8,v = Sue all the derivatives of even order vanish. 
The immediate consequence is : 

Non-integral values of 0 (corresponding tox+ 0, y + 0) give rise to neither 
maxima nor minima of the isoclinal angle (afu, B%v) and the enumeration of 
§ 23 (3) is complete. . 

If the equations of the two planes be in the general form, referred to an arbi- 
trary origin, the common vertex of their isoclinal angles is their point of meeting, 
or a point in their line of intersection, and ¢ being the director to this point, we 
may assign as general solutions of their equations: c + a%u and ¢ + A%v respec- 
tively, where w and v are determined by the foregoing conditions for maxima 
and minima. The final form of our criterion then is: 

The conditions necessary and sufficient in order that the two planes 


* STRINGHAM : loc. cit. (3) (1888), p. 64. Of course the formule leading up to this result 
had been determined prior to the date August, 1888. Cf. HATHAWAY : loc. cit. (2) (1897), 
§ 45, p. 10. 
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(a,, 8,, 2a), (8,, B,, 2b) may have maximal and minimal isoclinal angles 
are: that there exist solutions c+ a®u and c+ Ber, of their respective equa- 
tions, such that 


SawF=0, SBut=0, Sut 


25. The Maximal and Minimal Angles Determined. It has been seen 
(§ 23 (4)) that the planes of the maximal and minimal isoclinal angles, and these 
only, cut both the given planes orthogonally. But the conditions of perpendicu- 
larity will be here satisfied by writing as the equations of these two orthogonal 
transversals, 

where 


y,=UVa8,, 7,=UVa,f,. 


Hence the four intersections of these two planes with (a,, a,, 0) and (8,, 8,, 9) 
must be the directors hitherto designated by u,v, a,u, 8,r: and we may write 
($ 18) 


v= BY, + 2) (Y 
ausu =a(y, — %) — 


By, — — (% — 


and we may verify independently the necessary conditions 
Sawt=0, SBwt=0, = 0, 


which are in fact identities if w, v, vu’, v’ have the values above assigned. 
The further conditions that «, v shall be perpendicular to w’, v’ ($ 23 (3) ) are 
here also satisfied, for the planes (y,, y,, 9), (¥,, —%+ 9) are hyperperpendic- 


ular to one another (§ 28); or it may be verified independently that 
Sui’ = 0, =0. 


This determination fails if either 8, = +a, or 8, =-+a,, for then either 
y, = 0, or y, = 90; but these are the conditions for the failure of maxima and 
minima (§ 26). 

26. Failure of the Condition Sut+ Sau8,v. From the conditions : 

Sa,ut =Safu=0, =SPFu=0, 
it follows, provided a, + 8, and a, + 8,, that Vut= and are numerical 
multiples of Vf8,a, and Va,8, respectively, and (assuming Tu = Tv = 1) we 
may write 


z 
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ub = cos + 6, sin = UVB,a,), 
Tu = cosy + 6, siny = UVa,3,) . 
We may also assume 
B,a, = — cose, + 6, sin e,, 
a,8, = — cose, + 6,sin €,. 


Then 
S(1 + Ba, = 2 sin 5 sin{ 5+ ¢), 


€, 
S(1 + a,8,)éu = 2 sin 5 sin ( a v) ‘ 


and, therefore, in order that the condition Sut + Sa,u8,v may fail it is necessary 


and sufficient that 
€,=2n,7 or 


and 
€, = 2n,7 or 

or, in equivalent terms, 

B,a,= —1 or —(vuy or — (uty, 
and 

a,8,= —1 or — (avy or — (Gu)? 
and there are nine combinations. Any combination of the type 8,a, = — (vi)’, 
a,8, = — (iiv)’, however, leads to results identical with’those obtained from 
Ba, = —1, a,8,= —1; for, from any of the pairs of equations of this type 


and from § 23 (6) follows 
S( uv)? =— 4S(a,8, + a,8,)'= , 


an interchange of factors under S being here permissible; thus Vut=0, 
u = + v, and in fact 


Be,=—1, af,=—1. 


But also, this combination is a particular case (obtained by making vu = + v) 
of either of the remaining two and thus the two alternative conditions 


B,=a,, B,=a,itv) or atu)’, 
and 

B,=a,, B,=(vi)a, or (ud/fa,, 
account for all the cases that can arise. The specific value of uw? is here unde- 
termined and may vary from a unit scalar to a unit vector value. 

It has been tacitly assumed that a,, 8, in the one case, and a,, §, in the 

other, are both essentially positive, but it is evident that the algebraic signs in 
the equations of the two planes can always be so disposed that this shall be the 


fact. The conclusion, in its general form, is: 
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(1) Zn order that the two planes (a,, a,, 2a), (8,, B&,, 2b) may cease to 
have maximal and minimal isoclinal angles it is necessary that 8, = +a,, 
or B, = +a, and any one of these conditions is sufficient. 

(2) The isoclinal angle (au, B,v) is constant under all variations of 0; 
this is apparent in the equations 


=Sut, = Sut ,* 


the first of which is a consequence of 8, = a,, the second of 8,=a,. 

26. An Example. The following example illustrates the failure of the con- 
ditions for maximal and minimal isoclinal angles. Suppose the equations of the 
two planes to be 

ap pa= 0, ap pe 


The first is equivalent to 
2aSp + 2SaVp =Q, 
which involves the two equations 
Sp = 0 9 SaVp = 0 ° 
Hence the values of » that satisfy the first equation represent vectors perpen- 
dicular to a and may be written in the form 
p= 


in which x and @ are scalar variables and y is a vector constant, and the condi- 
tion Say = 0 is necessary. 
The general values of p that satisfy the second equation may have the form 
p= waa — 
If now vu = y and v= a — £, then 


Saut = Say(B — a), 


which vanishes if Say8 = 0, that is, if y be chosen coplanar with a and f. 
Hence, with this choice of y made, the directors y and a — £ satisfy the first 
two conditions for a maximal or a minimal isoclinal angle. But 


Sa%y(B — = — a) = Sut 


for all values of 6 and the third condition fails. The isoclinal angle (a°u , a*v) 
remains unchanged during any variations of @. In other words, every line 
in either plane has the same inclination to the other plane. 


* Note that —uay?, and therefore = 
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The angle of this inclination (constant isoclinal angle) is represented at C’, 
in the accompanying figure. The equation 


ap + pa =V 


represents a plane through O perpendicular to a, lying wholly within vector 


space (a space containing only vectors), and 

ap + pB=09 
is the equation of a plane that intersects this vector space in a straight line 
through O parallel to a— 8. 


$$ 28, 29. Some Cases. 


a right angle, then not only Sa,v = 0, but also Sa,u8,v = 0, and 
Sa,utB; 0 


for all values of @; that is, a,w, a director in one of the planes, is perpendicular 
to 8%v, any director (through their meeting point) in the other. This is per- 


C 


O a A 


pendicularity according to the ordinary definition, though not of the ordinary 

sort along a line of intersection, for the planes may not meet in a line. 
Conversely, if the two planes be perpendicular to one another it must be pos- 

sible to assign in either of them a director that shall be perpendicular to every 


director in the other, say a,v and §,v, such that 
0, 


where « and y are arbitrary scalars; and it follows (by assuming in succession 
2, y = 90,1) that 
= = SB 


These conditions make / (a,u, 8,v) a maximal isoclinal angle if Sud + 0. 


28. Perpendicularity. If the maximal isoclinal angle, say Z (a,v, 8,v), be 
B 
Y \ 
| 
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But Sf,a,u7 is a factor in S(a,8, + a,8,) and therefore : 

In order that the planes (a,, a,, 2a), (8,, 8,. 2b) may satisfy the ordinary 
definition of perpendicularity it is necessary and sufficient that 

S(a,8, +a,8,)=9. 

There are three further distinct criteria to be considered, giving rise to three 
kinds of perpendicularity. 

(1) Saw8v=0, Sue + 0or1. Resume the equations of $26 for and 
8,a,, omitting the ambiguous sign not here needed; we have 


B,a,= —cose, + 6, sine, 
and therefore 
Sa,uB,v = — cos (ec, + 6) = 9, 


Hence Sa,8, + Sa,8, and the planes meet only in a point. According as 
Z (8, @,) is large or small the minimal isoclinal angle is small or large. The 
condition may be stated in the form: 


Sa,B, = —Sa,8,+ 0,or +1. 


(2) SawBv=0, Sue=1. Here =7 2, and is a vector ; 

hence 
= 8a,8,= 9, 
is the condition necessary and sufficient for simple perpendicularity along a 
line of intersection (the ordinary kind of perpendicularity) ; provided also, the 
planes being (a,, a,, 2a), (8,, 8,, 2b), the further condition 
a,b — ba, + Ba —af,=9 

is satisfied ($$ 20, 21). 

(3) Here ut + vi=0, (uv) =—1, and therefore 


Ba=+1, af,= +1, 


that is, 8, = += a, and 8, = +a,, the combinations of signs being either — + 
or+—. 
If either of these pairs of conditions be assigned, that is, if w’ and v’ satisfy 
the equations 
+u'a,=0, av —va,=0, 
we may write (§ 14) 
wu’ =ai(a,—a,), v =aj(a,+ a,), 


in which x and y are arbitrary scalars, and then 


= — Sa{-"(a,a, — a,a,), 


| 
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and this is zero for all values of x and y. The geometrical interpretation of 
this result is that every line in either plane is perpendicular to every line in the 
other. In other words: 

The necessary and sufficient conditions for the hyperperpendicularity of the 
planes (a,,4,, 2a), (8,, 8,, 2b) are 


=+.e,, 
or, expressed in another form, 
Sa,8, = — Sa,8,= +1. 


The conditions for maximal and minimal isoclinal angles fail. 

29. Parallelism. If two planes (a,, a,, 2a), (8,, 8,, 26) be parallel, the 
pairs of directors a’u, 8°v* that form their isoclinal angles are parallel for all 
values of @, and in particular, if Tu = Tv = 1, 


Sut = Saup,v =1, 
whence 
S(a,8, + a,8,) = — 2. 


But also, they will have no point of intersection except at an infinite distance, 
and therefore 
a,b — ba, + Ba — a8, 
S(a,8, 


=O, 


and the further condition Sa,8, = Sa,8 


2 


to be parallel it is necessary that 


is necessary. Hence, for the two planes 


Sa,8, = Sa,8,=—1. 


This condition is also sufficient, for, if it is satisfied, it immediately follows 
that S(a,8, + a,8,) = — 2 and Sut = Sayuhw = 1. Therefore : 

(1) In order that (a,, a,, 2a) and (8,, B,, 2b) may be parallel it is neces- 
sary and sufficient that ° 


1? 2 


(It is understood that the signs before a,, a, in their respective equations are 


2 


1? 
both positive. ) 
It is immediately evident that the condition 
a,b ha, + B,a ap, = 0 


is satisfied. This I interpret as meaning that two parallel planes meet in a 
straight line at infinity. 


* These directors are supposed to be placed in their respective planes without reference to a 
particular origin. 
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(2) When the conditions for parallelism are satisfied, 


aa—aa,=0, ab— ba, = 0, 
and we may write 
a=ma‘(a,+a,), b= nara, 


where m, n, 0, ¢ are arbitrary scalars, and the equation of (8,, 8,, 24) becomes 
apt pa, + 2na?a = 0. 


It represents a doubly infinite series of planes parallel to (a,, a,, 2a), one series 
being obtained by varying x, the other by varying ¢. 

(3) When the point of intersection of a pair of planes is moved to an infinite 
distance, they have in general at the limit a point of intersection at infinity. 
But if the conditions for maximal and minimal isoclinal angles fail these angles 
become ultimately zero and the conditions for parallelism are satisfied. Thus 
planes that have a constant isoclinal angle and meet at infinity are parallel 


and meet in a straight line. 


$$ 29-32. IsocLinaL SysTEms. 


30. Two-dimensional Systems. The following group of theorems (§§ 30- 
32) restate for planes through a point in four-dimensional space the fundamental 
parts of CLirroRD’s theory of parallels in elliptic space of three dimensions 
(HarHaway’s theory of parallel and contra-parallel great circles on the hyper- 
sphere).* The planes and lines here considered are, without exception, sup- 
posed to pass through the origin; and by any plane, or any line, is meant a 
plane or a line satisfying this condition. 

Consider a series of planes meeting in a point no two of which have max- 
imal and minimal isoclinal angles, and place the origin at their point of meet- 
ing. Corresponding to the two conditions 8, = +a,, 8, = +a, of § 26, 
there are two systems of planes : an a-system whose equations may be written in 


the form (§ 13) 


ap — pa~aa = 0 
and a §-system whose equations similarly constructed are 
bBb-'p pB = 0 
where a and # are arbitrary versors whose different values produce the several 


*It was Professor HATHAWAY’S paper on Quatfernions as Numbers of Four-Dimensional Space 
that forced upon my attention the essential identity of the two theories. It should be remarked 
that here, as also in HATHAWAY’S paper, the theory is stated as applying to elliptic space in its 
antipodal (spherical ) form. 

The references to CLIFFORD, BUCHHEIM, KLEIN, WHITEHEAD are here important. 


i 
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individual planes of the systems. Any system is thus determined by a char- 
acteristic vector a , or 8, and by the corresponding form of its equations. 

(1) Any two planes of a system have a unique (constant) isoclinal angle 
(§ 23), a consequence of the failure of the conditions for maximal and minimal 
isoclinal angles (§ 26 (2)). 

(2) A transversal meeting any two planes of a system in straight lines 
makes equal dihedral angles with them. For, the two planes being respectively 
(a, — aaa, 0), (a, — a’ ‘aa’, 0) and their transversal being (y, — 7’, 9), 


the conditions for straight-line intersections are 


Say = Sa“'aay’ = Sa’ aa'y’, 


and in either case the cosine of the dihedral angle is — Say ($19). Here, the 
signs of the scalar functions being alike, the equal dihedrals are the alternate 
exterior-interior angles on the same side of the transversal. 

Thus all the planes of a system determined by any unit vector are equally 
inclined to any transversal meeting them in straight lines. They constitute 
what may be called an isoclinal system, or a system of isoclines. Two planes 
may be said to be mutually isoclinal when their isoclinal angle is constant ; and 
from this definition it immediately follows that any two planes that are isocli- 
nal to a third plane are isoclinal to each other. 

(3) To a given plane through a given straight line there exist always two 
isoclines. For, given a plane (a, — 8, 0) and a straight line c, both of the 
planes whose equations are 


ap— pe'ac=0, cBe'p — pe = 0 
are isoclinal to (a, — 8,0), and they intersect in c. 


(4) Given a and a, the equation ap — pa~'aa = 0 is uniquely determined ; 
but since we have identically 


a—'aa = (a’a)~'a(a%a), 


any pair of values a, aa determines this same plane. Let a = 8%; the equa- 
tion of the planes of the a-system has then the form 


ap — p(a*B*)"'a (a¥B*) = 0. 


Changes in y give no new planes, but there is a distinct plane for each value of 
¢ (within the limits 0, 4), and some (not all) of the differing values of £ cor- 
respond to different planes. 


If a change from § to 8, makes no effective change in the equation, then 


from which it follows that V8*8~* is parallel to a; then 
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= 


Hence, corresponding to the varying scalar values of z, there is a singly in- 


finite series of changes in 8 which give rise to no new planes. 

But any unit vector is determined by two independent scalar parameters and 
thus one parameter in § is at our disposal for producing new planes of the sys- 
tem. Therefore: 

A system of isoclines of given type (an a-system or a 8-system), correspond- 
ing to a given vector, consists of a doubly infinite series of planes. It isa 
two-dimensional system. 

31. Cardinal and Ordinal Systems.* For brevity write a, = 8~*a8* and 


define the two-dimensional system of a-isoclines by the equation 
ap — pa, = 0. 


Changes in ¢ produce a singly infinite series of planes whose isoclinal angles, 
formed by the successive members of the series with a fixed member of it, are 
all different; for the squared cosine of the isoclinal angle formed by (a, — a,,, 0), 


regarded as fixed, and (a, — a, , 9), any other plane of the series, is by § 23 (6) 


S’ut = — Sa,a,,), 
and this varies with ¢. 

Now an infinite series of a-planes which form with a fixed member of the 
a-series the same (constant) isoclinal angle may be determined in the following 
manner : 

Subject the variable p in the equation ay — pa, = 0 to the rotational opera- 
tion a*()az?. This leaves undisturbed all the points of the fixed plane 
(a, —a,,, 9) and rotates, without distortion, all other configurations in our four- 
dimensional space through the angle 7@.+ The equation is transformed into 


aa®*pa;? — = 9, 
and p now satisfies the equation 
ap — = 9 
which belongs to the a-system ; and the isoclinal angle formed by the plane repre- 
sented by this equation, whose variations depend on @, with the fixed plane 
(a, —a,,, 0) is the same for all values of @; for its squared cosine is 


Sut = _ Sa,a,,) (§23 (6 


Se 


Each new value of @ (within the limits 0 , 4) produces a new plane. 


*So far as I know the characterization of one-dimensional systems of isoclines (parallels in 
elliptic space) as of two types, here called cardinal and ordinal, has been made in no previous 
investigation. 

t STRINGHAM: loc. cit. (2) (1884), pp. 55-56. Compare also §1 of this paper and HaTHa- 
WAY: loc. cit. (3) (1898), pp. 93-94. 
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The doubly infinite series of a-isoclines is hereby determined. The planes of 
the system produced by the variations of ¢ are transmuted into one another by 
successive changes of the isoclinal angles (all different) which they form with a 
fixed member of the series; I call them ordinals. The planes of the system 
produced by the variations of @ pass into one another by rotations about the 
fixed plane (a, — a,,, 0), with which they form the same isoclinal angle ; I call 
them cardinals. Thus the two-dimensional a-system is made up of one-dimen- 
sional ordinal and cardinal systems ; and the same remark is also obviously true 
of a A-system. 

Evidently any a-isocline belongs both to an ordinal system and to a cardinal 
system, but two planes in a system of either type belong to different systems of 
the other type. We may exhaust the doubly infinite series of a-isoclines by 
setting up an infinite number of systems of either type; for example, a fixed 
value of @ determines a cardinal system and the variations of @ produce the 
planes of this system; then a second value of ¢ determines a second cardinal 
system, and so on. Briefly expressed : 

A complete system of isoclines consists indifferently of a simply infinite set 
of ordinal systems, or of a simply infin ite set of cardinal systems. 

I call attention to the forms of the expressions for p that satisfy respectively 
the two equations: namely, for the ordinal system a*8*, and for the cardinal 
system + a,)a%,, where y are arbitrary scalar variables.* 

32. Conjugate Systems. In general, a plane arbitrarily placed does not 
meet the isoclines of a system in straight lines. 

(1) If a plane have straight-line intersections with three members of a one- 
dimensional system (ordinal or cardinal) it meets them all in straight lines. 


We may assign as the mono-parametric equation of the system 
ap — = 0 (Aag= ue) 


where X and yw are constant unit vectors which may be so determined as to fit 
the case of either an ordinal or a cardinal system. The cutting plane being 
(y, —v, 9), the condition is that Sya = Sy’A, for three different values of 
@. This makes y’ the axis of a cone on whose surface the three vectors 4, 
(i=1, 2, 3) lie. But w is also the axis of this cone and therefore y’ = u 


for all values of @, and the condition becomes 
Sya = = 


and to make Sya = SAzy it suffices to determine y by the condition that its angle 
with a shall be equal to the angle of X, ~. This condition being assigned 
write y = a”8a~", so that Sya =Sa8=Sdru. The transversal plane is now 


an isocline of the w-y-system 


Cf.HATH AWAY: loc. cit. (1) (1897), p. 55. 
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Byp 0 (3y 
every member of which meets in straight lines all the planes of the a-¢-system. 
Thus (1) is proved not merely for one plane but for an entire one-dimensional 
system. 

(2) No two pianes of the same system intersect in a straight line; for 
Sa* + SA,A,,, unless 6 = ¢’. 

The two systems are, in the proper sense, conjugate to one another. 

Note that one plane, (a , — », 9%) is isoclinal to all the planes of both systems. 

(3) The corresponding exterior-interior dihedral angles formed at their inter- 
sections by the planes of two conjugate systems are all equal to one another ; 
for (see also § 30 (2)), independently of the values of ¢ and y , 


SaB, = = Srv = Spr, 


(4) Conjugate Systems of Ordinals. By assigning } = a and p= 8 we 
obtain at once, as the equations of the conjugate systems of ordinals 


ap — pa, = 0 (ag = , 
B, pB = 0 
(5) Conjugate Systems of Cardinals. If any three planes of the cardinal 
system, 
ap — = 0 
be met by (vy, — 7’, 0) in straight lines we must have 


Sya = Syaj’a,a4, 


b 


for three distinct values of 8; whence follows 7 = a,, and then 


fe 


Sya = Sa,a,, = Saa, 


4 


For the determination of y it suffices to write y = a‘a,_,a~*. The equation 
of the conjugate system of cardinals then takes the form 


a‘a, — pa, = 0. 


6-6 
If the equation of the initial system be 
BYR — pB = 9, 
the corresponding equation of the conjugate system is 
Byp — pB By B = 0. 
32. The Transition to Elliptic Space. The foregoing theory of isoclinal 
systems is clearly a three-dimensional geometry with planes as elements; it is, 
in fact, the geometry of the sheaf of planes in four dimensional space. All of 


these planes meet the hypersphere in great circles, the straight lines of an ellip- 
tic space (antipodal) whose aggregate is a “space of lines.” Hence in order to 


- 
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translate the propositions of isoclinal systems into their equivalents in elliptic 
space we have merely to take note of the following dualistic correspondences : 


In parabolic four-dimen- In elliptic three-dimen- 
sional space : sional space : 

straight lines ~ points, 

planes ~ straight lines, 

isoclines ~ parallels, 

dihedral angles ~ plane angles, 

perpendicular distance 

isoclinal angle of two | , 
~ between two straight 


lines. 


planes | 
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